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Abstract. We prove effective equidistribution, with polynomial rate, 
for large closed orbits of semisimple groups on homogeneous spaces, 
under certain technical restrictions (notably, the acting group should 
have finite centralizer in the ambient group). The proofs make extensive 
use of spectral gaps, and also of a closing lemma for such actions. 
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1. Introduction. 

1.1. General introduction. Let G be a real Lie group, and let L be a 
lattice in G. Let U he a connected unipotent subgroup of G. A theorem 
of Ratner which proved a conjecture of S. G. Dani, classifies the U- 
invariant ergodic probability measures on X = T\G: namely, they are 
5-invariant probability measures supported on closed S'-orbits, where S" is a 
closed subgroup containing U. 

This theorem is a fundamental result with numerous applications. In 
particular, in combination with results on nondivergence of unipotent orbits, 
and with the linearization technique, Mozes and Shah [l5] proved that the 
nonzero weak*-limits of [/-invariant ergodic probability measures are again 
ergodic, and therefore are Haar measures on closed orbits. 

Let H C G he a semisimple subgroup generated by unipotent elements. 
A special case of the results of [l5] asserts that: 



(1.1) 

The only nonzero weak*-limits of normalized Haar measures on closed 
//-orbits are Haar measures on closed orbits of a closed subgroup S D H. 



In the present paper we present a polynomially effective version of (1.1) 
under the assumptions that G is semisimple, T is an arithmetic lattice and 
Lie(-ff) is centralizer-free inside Lie(G). In explicit terms, we show that the 
Haar measure on a closed H-oih\i is close to the Haar measure on a closed 
S-orbit for a closed subgroup S D H. Moreover, the notions of "close" 
improves as a power of the volume of the relevant orbits. 

We observe that, often, "direct" effectivizations of ergodic proofs only 
give logarithmically poor (or worse) rates of convergence. The content of 
our result is, therefore, in the polynomial rate. 

A key input is used from the theory of automorphic forms: namely, the 
iZ-action on -L^(/i) has a spectral gap (if T is as in (1) below, and is the H- 
invariant probability measure on a closed ff-orbit). This implies an effective 
version of the ergodic theorem for i7-actions. 

We say that a unitary representation of a (connected Lie) group G pos- 
sesses a spectral gap if there exists a compactly supported probability mea- 
sure on G, so that convolution with this measure has operator norm strictly 
less than 1 . For a detailed discussion of this concept for semisimple real Lie 
groups, see ^ 

1.2. Some technical assumptions. We shall assume that: 

(1) There is a semisimple Q-group G so that G = G(M) and T is a 
congruence subgroup of G(Q); 

(2) = H, i.e. H has no compact factors and is connected; 

(3) The centralizer of f) = Lie(-ff) in g = Lie(G) is trivial. 

The third assumption means that closed //-orbits are "rigid," i.e., do not 



come in continuous families. Moreover, it implies (Lemma 3.4.1) that there 
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are only finitely many intermediate subgroups H (1 S G, each of which is 
semisimple (i.e. the Lie algebra s is a semisimple real Lie algebra). 

See §1.8| for a discussion concerning lifting these assumptions. In particu- 
lar, "congruence" may be weakened to "arithmetic" , at the cost of allowing 
the exponents in the theorem to depend on the lattice. The assumption of 
finite centralizer is primarily to "rigidify" the situation; while it does not 
seem essential to the method, it is clear that many new complications arise 
when it is removed. 

Examples: 

(1) G = SL„(M), H = SL2(M) embedded via the irreducible represen- 
tation. If n > 4, there exists intermediate subgroups H C. S ^ G: 
for instance, if n is even, the i?-action on M" preserves a symplectic 
form, and one may take for S its stabilizer. 

(2) G = SL„(M), H = SO(g)(0) for some indefinite quadratic form g in n 
variables. In this case, there do not exist intermediate subgroups be- 



sides those with connected component H. (See { 17 for an arithmetic 
application of the theorem in this setting) . 

(3) G = SL2(M)", H = SL2(M) embedded diagonally. Here there are 
many intermediate subgroups as long as n > 3. 

(4) G = SL7(M), H = G2(M) the group of M-points of the M-split form 
of G2 embedded into G. Here SO7 is an intermediate subgroup. (See 
^ |I7| for an arithmetic application of the theorem in this setting) . 

1.3. Theorem. Let T,H C G be as above satisfying the assumptions in 

Let ^ be the H -invariant probability measure on a closed H-orbit xqH inside 

X = T\G. 

There exists (5, d > depending only on G, H and Vq > depending only 
on r, G, H with the following properties. For any V > Vq there exists an 
intermediate subgroup H <^ S G for which xqS is a closed S -orbit with 
volume < V and such that jj is V^^-close to fixoS, ^-e. for any f € C^{X) 
we have 



(1.2) 



< v-'sdf), 



where Sd{f) denotes an L'^-Sobolev norm of degree d (see (3.8)J. 

Let us make certain comments on this result. 

• The Sobolev norms Sd{f) measure the L^-norm of the derivatives 
of / up to the d-th order w.r.t. a smooth measure on X. If X is 
compact, this defines them up to bounded multiples. 



An equivalent way of formulating (1.2), without the use of Sobolev 
norms, would be in terms of the measure of small balls. For sim- 
plicity, consider the case when X is compact and fix a Riemannian 
metric on X. There exists Si,Vi > so that, for any V > Vi and 
for any Riemannian ball B{r) of radius r < 1, we have 

\,,{Bir))-i,,,s{B{r))\<V-'^ 
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Such an assertion is equivalent to (1.2), up to modification of con- 
stants. 

In interpreting tlie theorem - which at first sight is rather confusing 
owing to the parameter V - it may be helpful to understand how it 
implies the non- effective variant, viz. theorem of Mozes and Shah 



We take for granted the following fact, for any intermediate sub- 
group H C S C G: 

There are finitely many closed 5'-orbits with volume < V. 



An effective version of (1.3), with polynomial bounds, is given in 



^1 but the qualitative statement is simple to establish. 



Let X = T\G be as in Theorem 1.3 Suppose we are given a 
sequence XiH of closed i?-orbits so that the sequence fixiH converges 
to a weak*-limit i^oo. 

Fix, for a moment, an intermediate subgroup S D H. Let us agree 
to set vol(xj5) = oo if XiS is not closed. Passing to a subsequence, 
we may assume that either there exists some M > such that the 
volume of XiS is less than M for all i, or the volume of XiS approaches 
infinity as i — > oo. 

Since there are finitely many intermediate subgroups, we may as- 
sume, passing to a further subsequence, that one or the other option 
holds for all such S. That is to say: there is a subset Jy^ of the set 
of intermediate subgroups H C S C G so that XiS is closed and of 
volume < M when S & 5^] and of volume approaching oo, when 



Passing to a further subsequence, and applying (1.3), we may 
suppose that, for any S G there exists ys so that XiS = ysS for 
all i. Apply the theorem with fixed V > M. It follows that i^oo is 
y~'^-close to a measure of the form Hy^s for some S £ J^. Since V 
was arbitrary, our conclusion follows. 

Our proof gives the same result for any if-invariant measure ^ so 
that the iJ-action on possesses a spectral gap. In other terms, 

the true content of the theorem is the "effective classification of 
strongly ergodic //-invariant measures." The only naturally arising 
context, however, seems to be the case described in the theorem. 
In principle, the exponent 6 is computable; however, it would be 
rather painful to compute and extremely small in general. 

In the case when H is maximal, it is likely not too difficult to 
compute and not too small. However, our goal has been only to 
achieve polynomial dependence. This is of qualitative significance, 
for "abstract" effectivizations of results in ergodic theory yield, in 
general, far poorer bounds. 

The theorem also has a purely topological version that we now enun- 
ciate. 
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1.4. Theorem. Notations as in Theorem 1.3, let F <Z X he compact, and 
fix a Riemannian metric on X. There exists p > 0, depending on G, H, and 
Vi depending on T, G, H, F, and the choice of Riemannian metric, with 
the following property: 

For any V > Vi, there exists S so that xqS is a closed orbit of volume 
< V, and any point in xqS D F is at distance < V^P from xqH, w.r.t. the 
Riemannian metric induced on xqS from X. 

By the Riemannian metric induced on xqS, we mean: endow xqS with 
the Riemannian structure induced as a submanifold of X, and compute the 
corresponding metric. 



Let us note in particular the import of Theorem 1.4 in the case when H is 
a maximal subgroup in G. Then there exists £ > 1 so that a closed ff-orbit 
of volume > has to intersect any e-ball in X. In particular, we also 
prove that the number of closed i?-orbits that fail to intersect some e-ball 
is bounded by a polynomial in e~^. 

1.5. Outline of the proof. First of all, let us consider the non-effective 



version of Theorem 1.3 i.e. (1.1). This special case of measure rigidity 



(when the acting group is semisimple) admits a simple proof. We present 



it in ^ One may then see the proof of Theorem 1.3 as an effective form 
of that proofj^ We suggest the reader begin by reading this non-effective 
proof. 

In Q we present a detailed outline of the proof of the main Theorem, 
comparing each portion of the proof to the corresponding non-effective state- 
ment in ^ The reader may wish to read ^ after ^ 

For now we present a very brief high-level outline of the proof strategy: 
We show for increasingly large intermediate subgroups H <Z S C G, either 
fj, is supported on an 5-orbit of small volume, or p is almost invariant by a 
strictly larger subgroup S' D S. 

Indeed, take a one-parameter unipotent subgroup U C H and say a point 
x € X IS generic if the measure along long segments x.U approximates 
well the measure /U. The proof of the dichotomy uses the following principles: 

(1) (Ergodic theorem). Most points x £ X are generic. 

(2) (Nearby generic points give additional invariance). If x,x' £ X are 
two generic points which are very close, i.e. x' = xg for some g 
near the identity, and g ^ S, then /x is almost invariant by a larger 
subgroup S' C S. 

(3) (Dichotomy). If we cannot find x,x' as above, then necessarily fj, 
was supported on a closed S-orbit of small volume. 

Step (2) is easily effectivizable, relying only on polynomial behavior of unipo- 



tent trajectories (see {1.7.1). 



^In this case, the process of effectivtzation causes proofs to increase in length approxi- 
mately twenty-fold! 



6 



M. EINSIEDLER, G. MARGULIS, A. VENKATESH 



"Good" effective forms of both (1) and (3), however, make use of spectral 
gaps. Specifically, we use the fact that, for any intermediate subgroup S D 
H, the action of S on Lq(xS), where xS varies through all closed S-orbits, 
has a uniform spectral gap. (Here Lq denotes the orthogonal complement of 
locally constant functions.) The crucial ingredient in providing the spectral 
gaps we need is the work of Clozel on "property r." In effect, this guarantee^ 
a uniform spectral gap for Q acting on L'^{A\Q), when Q is a semisimple 
group and A varies through congruence lattices within Q. (See also { 1.8.2[ ) 



We also make use of several techniques that have become, to some ex- 
tent, standard in the theory of homogeneous dynamics. Most notably we 
use (as noted) polynomial divergence for unipotent actions and the related 



linearization argument, which we will discuss in ^.7.1 These ideas will 
enter both in steps (2) and (3). 

Finally, the process of "effectivizing" results concerning invariant mea- 
sures, inevitably, leads to questions about efficient generation of Lie groups; 
in handling these (technical) issues, we shall make use of some simple ar- 
guments in algebraic geometry and Diophantine geometry, as well as of the 
Lojasiewicz inequality. 

1.6. Organization of the paper. The paper is organized as follows: 
We start in ^with the non effective version of Theorem 1.3 and the sim- 



plified proof of Ratner's theorem on measure rigidity in the case of semisim- 
ple acting groups. 

In ^ we set up notation. Some of this may be of independent interest; 
our use of Sobolev norms and relative traces, inspired by a paper of Bernstein 
and Reznikov, seems a natural way of handling certain analytic questions 
on homogeneous spaces. 

In Q we give a detailed sketch of the proof of the Theorem. We give 
precise statements of the main constituent results that go into the Theorem, 
and references to their proofs in the text. We do not give proofs, but we 
indicate the main idea in each case. 

In ^ [6j [7] [8] respectively, we establish or recall some basic properties 
pertaining to, respectively, Sobolev norms, the spectral gap, generation of 
Lie algebras, and almost invariance of measures. The reader might wish to 
skip these sections and refer to them as necessary while reading the rest of 
the text. 



In the sections q9]- ^4 we prove the central statements required for the 
Theorem. 



i 



gives the proof of Theorem |1.3| and its corollaries, 
gives a simple application of the Theorem to a number-theory prob- 



lem. 



The terminology "property r" is perhaps confusing. In general, it asserts that group Q 
has a uniform spectral gap in its action on some natural family of unitary representation. 
Therefore, unlike property T, which is an intrinsic property of a group G, property r only 
makes sense by reference to an implicit choice of such a family. 
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The Appendices recall and prove certain basic results that we need. 
1.7. Connection to existing work. 

1.7.1. Dynamics of unipotent flows. Given a one parameter subgroup gt G 
G, and two "nearby" points xi,X2 € X, satisfying X2 = xiexp(u), for 
V G Lie(G), we have 

The behavior of t i— > Ad{g-t)v controls the relative behavior of the orbits 
of xi and X2 under gt. In general, t Ad{g-t)v may grow exponentially. 
However, if gt happens to be a unipotent subgroup, then t ^ Ad{g-t)v is a 
polynomial. This feature is the polynomial behavior or polynomial divergence 
of unipotent flows. 

The polynomial divergence of orbits of unipotent flows was one of the main 
motivations for M.S. Raghunathan when he formulated, in the mid-seventies, 
his conjecture about "orbit closure rigidity." He hoped that unipotent flows 
are likely to have "manageable behavior" because of the slow divergence of 
orbits of unipotent one-parameter subgroups (in contrast to the exponential 
divergence of orbits of diagonalizable subgroups). 

The polynomial behavior of unipotent orbits is very important in the 
present paper, and we have used many techniques developed over the past 
four decades. We make particular note of the following three ideas we use; 
this is not intended as either a survey or a history of the field. 

1. Non divergence of unipotent flows. One of the first times the poly- 
nomial behavior was used was in the proof of non-divergence of unipotent 
flows by G.M. [36], where it was indeed one of the basic ingredients. This 
phenomenon of non-divergence was quantified and further refined by Dani, 
Kleinbock, and G.M. ^Ul 113 EZ]- We actually make use of [27] to control 



how much mass of a closed i7-orbit can be close to infinity, see Lemma 3.6.1 
2. "Nearby generic points give additional invariance." A topological in- 
carnation of this principle was utilized in the work of G.M. and G.M.-Dani 
[TT| [T2l [m [381 EHl Ho] , and a measure-theoretic incarnation was utilized in 
the work of M. Ratner in |53| [5^ [55] [56] ; the former uses Chevalley's the- 
orem in order to control relative behavior of orbits of unipotent flows, and 
the arguments of the latter papers utilize the"R-principle," generalizing the 
"H-principle" used earher by Ratner [l9l|50l [SU [52] and by Witte |Mll65]. 

To be a little more precise, the arguments of [TTl [T2l [Ti ] [38 ] [39 ] [ID] 
show that, if [7 is a unipotent subgroup of G, and y is a minimal closed 
f7-invariant subset of r\G, then either: 

(1) Y is an orbit of U, or 

(2) Y is invariant under a bigger connected subgroup contained in the 
normalizer of U (additional invariance). 

Arguments contained in [53] [531 ESI iSS] show that, if fj, is an ergodic U- 
invariant measure, then either: 
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(1) /X is the Haar measure on a closed [/-orbit, or 

(2) /X is invariant under a bigger connected subgroup contained in the 
normahzer of U (additional invariance). 

The proof of these results may be understood as topological and measure- 
theoretic versions of the principle enunciated above; the notion of minimal 
set is the topological analog of the notion of ergodic measure. Indeed, the 
proof of the topological statement is based on studying the orbits of a se- 
quence of points that converge to a minimal closed invariant set; the proof 
of the measure-theoretic statement is based on studying the orbits of nearby 
points that are generic in the sense of Birkhoff 's ergodic theorem. 

Let us draw attention to one important difference between the topological 
and the measure-theoretic setting: an arbitrary [/-invariant measure may be 
decomposed into ergodic components; the analog of this statement for a [/- 
invariant closed set is not true. 

Our use of an effective ergodic theorem, together with polynomial diver- 
gence, is motivated by this principle; many of our arguments are closely 
related to (ineffective) arguments from the papers mentioned above. These 
ideas enter, in particular, into steps (1) and (2) of the outline of the proof 
presented in §1.5[ 

3. The "linearization" technique. By this, we shall mean a collection of 
methods which allow one to control the time an orbit of a unipotent subgroup 
U spends near closed orbits of certain subgroups S C G containing U. One 
method to do this is by realizing the action of [/ on G/S" as the linear action 
of [/ on a certain subset of a linear space (which also makes use of Chevalley's 
theorem). The origins of this method can be traced back to the work of 
S.G.Dani and Smillie [15^ in the context of Fuchsian groups. General results 
and techniques are developed in[ni[l2l|lllMllMllinilMll53llMl[55l|56]. 

We make use of a version of this technique to control the time spent near 



a closed orbit of a semisimple subgroup, see Proposition 11.1 this enters 



into step (3) of the outline of {1.5 



1.7.2. Effective equidistrihution. There are two general cases where it is 
known one may establish effective results about the distribution of iJ-orbits 
on r\G: 

(1) When i7 is a horospherical subgroup, i.e. the Lie algebra of f) consists 
of all contracted directions for the adjoint action of a semisimple 
element s € G. In that case, one may use the mixing properties of 
the s-action on r\G. 

(2) When H is "large" inside G, one may sometimes analyze effectively 
the distribution of closed i?-orbits inside G via representation theory 
or automorphic forms. "Large" usually means, at the very least, that 
H should act with an open orbit on the flag variety G/Pq, where Pq 
is a minimal parabolic of G. 

In the case (1), the approach using mixing properties of the s-action on 
r\G can be traced back to the thesis of G.M. [Jl], where it was used in 
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the context of Anosov flows. (This thesis was written in 1970, but published 
more than thirty years later) . Another approach to effective equidistribution 
for long horocycles on SL2(M) is implicit in the work of Ratner |52tl57|. where 
the effective ergodicity of the horocycle flow is used. Both of these ideas 
would suffice to prove effective equidistribution of orbits of horospherical 
subgroups in any rank, as would the work of Burger More detailed 
analysis of the quantitative equidistribution of the horocycle flow for SL2(M) 
may be found in |23| I60j : quantitative mixing rates are discussed in [26|, 
and analysis of equidistribution of closed horospheres and its relevance to 
the theory of automorphic forms may be found in |6T] . 

A typical instance of the second type of result is the equidistribution of 
Hecke points, [22j or [7]; a "twisted" version is the work of Li, Jiang and 
Zhang, [33] . These both correspond to the special case of the main result 
when H is diagonally embedded m. G = H x H]\n the "Hecke point" cases, 
one restricts the possibilities for the Q-form underlying the closed H-oihit, 
whereas the latter case restricts to H = PGL2 over a totally real number 
field. 

An illuminating context where the two cases overlap is the question of 
equidistribution of translates for a closed orbit of a symmetric subgroup: see 
|16] for an effective treatment by the second method, and [1] for an effective 
treatment in a more general setting, following the strategy of [T9], by a 
method very closely related to the first. (The "wavefront lemma" assures 
that, in the limit, such translates acquire local invariance by a horospherical 
subgroup). 

In both cases above, the analysis usually makes use of spectral gaps; 
for instance, the first method makes use of quantitative mixing, which is 
substantially equivalent to a spectral gap. Spectral gaps are also used in 
our argument, but in an essentially different way; most importantly, we do 
not use a spectral gap for the ambient group G acting on the ambient space, 
but rather for the acting group H C G acting on the invariant measure. 
The idea that this could be used to give a simple proof - in certain cases - 
of the fact that "limits of ergodic measures remain ergodic" was used in a 
paper by J. Ellenberg and A.V. [20j, based on prior discussions with M. E. 
and Elon Lindenstrauss. 

In any case, the methods in both cases are fundamentally limited even 
if is a maximal subgroup of G. Moreover, these methods do not detect 
closed orbits of intermediate subgroups H C S C G, and so there appears 
to be little hope of generalizing them significantly. Indeed, the result of this 
paper appears to be the first that produces quantitative results when G is 
semisimple and H is not one of the subgroups mentioned in (1) or (2) above, 
and, in particular, in the case when H is "far from maximal." 



1.7.3. A history of this paper. A topological version of Theorem 1.3 was 
proven by G.M., in an unpublished manuscript, in the case when H = 
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S0(2, 1) and G = SL3(R) (and implicitly in the case when iJ is a maximal 
semisimple subgroup of G) . 

The present paper uses a different technique than the one used in that 
proof. In the case oi H = S0(2,l), G = SL3(M), that proof uses mixing 
properties of the action of a torus within H, whereas the proof presented in 
this paper uses ergodic properties of a one-parameter unipotent flow within 
H. A discussion of the relationship of these techniques is presented in ^ 

The idea of using effective ergodic theorems for the unipotent flow was 
noted independently by M.E. and A.V., and by G.M., motivated by various 
methods in the theory of unipotent flows. 

We note that the general case is very considerably more involved than 
the case of S0(2, 1) C SL3(]R), owing to the possibility of intermediate 
subgroups. In fact, the technically most complicated arguments, e.g. the 
effective closing lemma, are necessary only if H is not maximal. 



1.8. Remarks on generalizations. 



1.8.1. The congruence subgroup assumption. One may replace the assump- 
tion that r is congruence by the assumption that T is arithmetic. We indi- 
cate here how this is done. 

Suppose that T is an arithmetic, but not necessarily congruence, subgroup 
of G(Q) and xH is a closed //-orbit on X = T\G. Let A be a congruence 
subgroup of G(Q). Replacing T with T n A and xH by the orbit x'H of a 
preimage x' of x in T n A\G', we may assume that F C A. Let X = A\G, so 
we have a natural projection vr : X — > X. 

Let /i resp. JI be the //-invariant measures on xH resp. their projections 
to X. Our main theorem gives an effective result about the distribution of 
Jl. Suppose, for simplicity, we are in the situation where Ji is close to the 
G-invariant probability measure Here the error of approximation 



is quantified by Theorem 1.3 



Let / G C'^{X) be so that ^x{f) = 0. Let u{t) be a one-parameter 
subgroup in //, and let /t := ^ Jt=o'^i^)f- 

For a function / on X, we define tt^:/ on X via ■K^:f{x) = J2tt{x)=x /(^)- 
Then 

\Kf)\' = HfTr<K\fT\')<n^*\fT\')- 

/^x(^*l/T|') = [A:r]/Zx(|/Tp) 

where the rate of approximation depends on the quality of approximation 
of by Ji and on the Sobolev norm of vt^.I/tP and so also on T. The 
right-hand quantity is bounded by quantitative mixing of the G-action on 
X. Optimizing for T shows that nxif) = implies that is "small", 

which is the same as /x ~ ^x- 

The above argument is entirely quantitative. The quality of the bound 
depends on the spectral gap for G acting on 
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Observe an important difference witli Tlieorem 1.3 in tlie case wlien T 
is assumed only to be arithmetic, the quality of the bound depends on the 
lattice r, and not only on G, H. Presumably, such a dependence is not 
avoidable, as one may see by considering the example of the horocycle flow 
on arithmetic quotients of SL2(M). 

1.8.2. S -arithmetic generalization. Translates of a fixed orbit. One may en- 
visage a version of the theorem that concerns closed orbits of a semisimple 
S-arithmetic group H acting on an 5-arithmetic quotient r\G. 

This extension has more than simple formal significance. We indicate 
three applications which do not on their face involve 5- arithmetic groups. 

(1) It is possible to give an independent proof of property (r) (first 
established by Clozel [6j) using the S-arithmetic extension of our 
theoremjf] 

(2) Notations as in our main theorem, let xqH be a closed i?-orbit. One 
may ask about the distribution of varying translates of H, i.e. xqHq 
when g ^ oo. If is a symmetric subgroup, effective distribution 
results may be given using the wavefront lemma, cf. |19J . We antic- 
ipate that the 5-arithmetic extension of our result will allow us to 



treat this question in the more general setting of [1.2 
(3) In an arithmetic direction, [20^ uses the case when H, G are p-adic 
orthogonal groups to prove local-global principles for representations 
of quadratic forms. To establish an effective version of that result 
would imply new bounds for the Fourier coefficients of Siegel mod- 
ular forms. Results in this direction would require removal of the 



centralizer assumption from ^1.2 



As is usual in such matters, the existence of small additive subgroups of Qp 
will cause further complications. 

1.8.3. The centralizer assumption. There exist many natural settings where 



the centralizer assumption of §1.2[ assumed in Theorem 1.3 is too restrictive. 
Indeed, it does not seem to be truly essential to our method; the key part 
of our method is the existence and exploitation of spectral gaps. 

However, many technical complications seem to arise when it is removed. 
We hope to discuss this elsewhere. 
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2. A PROOF OF MEASURE CLASSIFICATION FOR SEMISIMPLE GROUPS. 



2.1. Introduction. In the present section, we give a short proof of the 
non-effective version of Theorem 1.3 the result ( |1.1[ ) of Mozes and Shah. 
Notation as in the theorem, this proof has three (independent) constituents: 

(1) Proposition 



(2) Proposition 



2.2 classifies -ff-ergodic measures on r\G; 



2.10 shows that, under a certain spectral gap assump- 



tion, any limit of iJ-ergodic probability measures on r\G is itself 
ergo die. 



(3) It is established in Proposition 6.7.1 that this spectral gap assump- 
tion is valid in the setting of (1.1). 

Therefore, taken in combination, these results establish (|1.1[ ). 



While the proofs of Proposition 2.2 and Proposition 2.10| are elementary. 
Proposition |6.7.1| is a deep result from the theory of automorphic forms. 
The key virtue of this proof, however, is amenable to effectivization. Indeed, 
the contents of this section may be viewed as the non-effective counterpart 
of the proof of Theorem 1.3, ^ gives an outline of the effective proof of 



Theorem 1.3 together with comparisons to the non-effective proof presented 
here. 

2.2. Proposition. Let G be a semisimple real Lie group, let T be a discrete 
subgroup in G, and let H be a connected semisimple subgroup of G without 
compact factors. Let /i be an H-invariant and ergodic probability measure 
on X = T\G. Then /i is the S-invariant probability measure on a closed 
S-orbit of an intermediate subgroup C 5 C G. 



This is due to M. Ratner [56]. In the setting considered here, where H is 
semisimple, the proof simplifies significantly. This has been noted already 
in [T7] due to M.E. We shall present a simplified proof along these lines. 



''To be precise, in the case where r\G is noncompact, there may be "escape of mass," 
i.e., it is not a priori obvious that the limit of such a sequence is a probability measure. 
However, in the case considered in Theorem |1.3|- f) has trivial centralizer - this does not 



occur: Lemma 3.6.1 
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differing somewhat from ^17]. See also |55| p244] where similar arguments 
are presented. 



Just as the outline presented in ^1.5 the proof of Proposition 2.2 has 
three distinct steps: 



(1) Ergodic theorem: {2A 



(2) Nearby generic points give additional invariance: {2.5 

(3) Dichotomy: Either one can find nearby generic points, or n is sup- 
ported on a closed orbit. §2.6[ 



2.3. Setup for the proof. We now indicate the proof of Proposition 2.2 



Let G, H, T, X = T\G, and // be as in Proposition 2.2 

Let S = {g £ G : g preserves fi}. The subgroup S is closed and contains 
H. H being semisimple, the restriction to H of the adjoint representation of 
G is completely reducible. Hence there exists an Ad(i7)-invariant comple- 
ment t to the Lie algebra s of S, within g. It is the precisely the existence of 
this Ad (-ff)- invariant complement which simplifies the proof of the measure 
classification result. 

2.4. Ergodic theorem. Let U = {u{t) : t £ M} be a one-parameter unipo- 
tent subgroup of H which projects nontrivially on each simple factor of H. 
Then, according to a theorem of Moore (Mautner phenomenon) the measure 
H is ?7-ergodic. 

According to Birkhoff's individual ergodic theorem, for /i-almost x £ X 
and any continuous compactly supported function f on X, 

(2.1) ^^^/(^^_^)dt^ I fdfi. 



A point X £ X satisfying (2.1) for all / £ Cc{X) is called generic. 

We say that C X is a set of uniform convergence if for any compactly 
supported function / the above convergence is uniform with respect to x € 
E. In view of Egoroff 's theorem, there exist sets of uniform convergence of 
measure arbitrarily close to 1. Fix such a set E of uniform convergence of 
/i-measure > 9/10. 

2.5. Nearby generic points give additional invariance. First let us 
make the following remark, which is a quantification of "polynomial behav- 



ior" discussed in Q.7.1 



(i) For any element g of G, the matrix coefficients of Ad{utgu-t) are 
polynomials in t of degree not greater than dim(G). 

Let B be an open bounded subset of G containing the identity. For g £ B, 

we set 

Tg = sup{T : utgu-t £ B whenever t G (0,T)}, 
9* = UTggU-Tg- 
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It follows from (i) that Tg is finite if g does not belong to the centralizer 
Cg{U) of U in G. Moreover, in that case g* is well defined and belongs to 
the boundary of B. 

For g e B \ C{U), we define a map Qg : [0, 1] ^ G by 

qg{s/Tg)=Usgu-s,s& [0,Tp]. 

Since B is bounded, the family {g^} is uniformly bounded. Therefore, the 
adjoint actions of these elements form an equicontinuous family of polyno- 
mial maps on the Lie algebra. This implies the following statement, for a 
metric d on. X that is obtained from a left-invariant metric on G: 

(ii) For every e > one can find (5 > such that if x G X, G B\Cg{U), 
and t e [{1 — S)Tg, Tg], then the distance 



(2.2) 



d{xgu-t, xu-tg*) < d{utgu-t,g*) < e. 



2.5.1. Lemma, (a) Let g he an element of Cg{U). Suppose that we can find 
x,y € E such that y = xg. Then the measure fi is invariant under g. 

(b) Suppose that we can find a sequence gn & G and a sequence Xn & E 
such that 

(1) gn 1; 

(2) gn i Cg{U) for all n, 

(3) Xngn G E for all n. 

Then ji is invariant under any limit point of the gi* . 

Proof. The first part follows from the genericity of the points. 

Consider the second assertion. Let g* be a limit point of 5* , which exists 
by compactness of the closure of B. Let / € Cc[X). Observe that Tg^ — > 00. 

Given e > and (5 > we may apply the definition of E (for T = Tg^^ 
and T = STg^), that Xngn G E, and that Xn & E to obtain for all sufficiently 
large n that 



9n Jil-5)Tg, 



f{XngnU-t 



)dt-j 



ST„.. 



9n J(l-5)Tg. 



f{xnu-tg*) - y fixg*) dfl{x) 



<e', 



< £' 



Choosing 5 > as in (ii), depending on £ > and the uniform continuity of 
/, we conclude in the limit that the fi-integral of x 1— > f(x) and x 1-^ f{xg*) 
coincide. □ 



2.6. Dichotomy. 

2.6.1. Lemma. Assume that n{xS) = for all x & X. Then there exists a 
sequence Xn & E and a sequence gn G exp(r \ {0}) converging to 1 such that 
Xngn e E. 
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Sketch of the proof. Let O be a bounded open neighborhood of the identity 
in S, and let Ei be the set of all points x m E such that the relative measure 
in O of the set {s £ O : xs £ E} is greater than 8/10. It follows from the 
Fubini theorem that /x(-E'i) > 1/2. 

For each n > 1 take two points UmZn G Ei that satisfy d{yn,Zn) < ^/n, 
but do not satisfy y„ = ZnS for any s £ S near the identity. A density 
computation shows that there exists Sn, s'^ G O so that i/nSn £ E, Zns'^ G E, 
and Zns'n = ynSn exp(r„) for some r-n £ x. This is quite standard, see e.g. 
|17| Lemma 4.4, 4.5] for details. 

Take x„ = UnSn, and take gn = exp(r„). The resulting sequences have 
the desired properties. □ 



2.7. Conclusion of the proof. Suppose that fi{xS) = for all x. By 

using Lemma [2 . 5 . 1 1 and Lemma 2.6.1 we show that n is ^-invariant, for some 
g £ B n exp(r \ {0}). By choosing B sufficiently small, we may assume that 
B n exp(r \ {0}) is disjoint from S. Contradiction. 

Thus fi{xS) > for some x £ X. The stabilizer Sx = {s £ S : xs = x} oi 
X is a lattice in S. Consequently, S is unimodular and xS is closed. We are 
done, for ^ is ergo die. 

□ 



2.8. A remark about the two approaches in ^1.7.3 We may phrase 



the proof of Proposition 2.2 in qualitative forms as follows: 



(2.3) The measure along the trajectory {xu{t) : < t < T} 

approximates /x for "most" x. 

One then finds two such points xi, X2 and studies the relation between their 
trajectories in order to obtain additional invariance. 



(2.3) is a special case of a more general fact, not specific to unipotent 
trajectories: if is a measure on H with "spread-out support," and we let 
Vx be the push-forward of by the map h ^ xh, then i/x will approximate 
H for "most" x; the previous remark is the special case when v is localized 
along a long trajectory of u(t). 



In { 1.7.3 we remarked on another method of treating the case of H C G 
maximal, using mixing properties of semisimple elements. We are now in a 
position to briefly describe it. 

In that approach, one considers instead the measures v that are obtained 
by translating a fixed, compactly supported density on iif by a large semisim- 
ple element. In particular, these measures v resemble large pieces of a coset 
of a horospherical subgroup of H. As in the proof with unipotent flows 
given here, one studies the relation between Ux^, 1^x2 for nearby xi and X2 
to conclude additional invariance. 



2.9. Ergodicity of limit measures in presence of a spectral gap. 
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2.10. Proposition. Let a a-compact metric group H act continuously on a 
a-compact metric space X. Let fin a sequence of H -invariant and ergodic 
measures so that the H-action on 



{f£L\fin) : y"/d/x„ = 0} 



possesses a spectral gap which is uniform in n. Then any weak* -limit of the 
fin is ergodic under H. 

This result is due to E. Glasner and B. Weiss, in the case when H has 
property (T). More along the lines of the current paper: it is used to give 
a "cheap" proof of a special case of a Mozes-Shah type result, in a p-adic 
setting, in [20] . 

Note that we do not say whether the weak* limit is still a probability 
measure. 

For our purposes, it will be important that, in a suitable sense, the proof 



of Proposition 2.10 is effective. Indeed, fixing a compact generating set 



K C H, there exists 5 > so that: 

sup fj,oo{kZ - Z) > 6noo{Z) 

for any Borel set Z G X with IJ.{Z) < 1/2, where /ioo is any weak* limit of 
the sequence Hn- 

In other terms, there are no almost invariant subsets. 

Proof. Let he a compactly supported probability measure on H, so that 
for every n: 

(2-4) Ik*/-/ /dMn|L.(,„)<^||/k^(M 

for all / € L'^[fin) (or equivalently for all / G Cc[X)). Here * / denotes 
convolution of / under v w.r.t. the action. The measure v exists by virtue 
of the assumption on the uniform spectral gap. Passing to the limit, one 



easily verifies that (2.4) remains valid with /i„ replaced by any weak*-limit 



thereof. This implies that such a weak*-limit must be -ff-ergodic. □ 

3. Notation and first facts. 

Fix, first of all, a semisimple Q-group G and a Euclidean norm || • || on 
the Lie algebra g of G = G(M) in such a way that < ||w||||t'|| for all 

G 0. We fix also an orthonormal basis for g w.r.t. || • ||. 
We fix a semisimple subgroup H C G that satisfies the conditions indi- 



cated in 



Fix also an embedding p : G ^ GLjv- We shall assume that the ad- 
joint representation of G occurs as an irreducible subrepresentation of that 
defined by p. 

We take a congruence lattice T ^ G. That F is congruence means that 
p{T) contains a congruence subgroup of GLn{Z) n p{G). 



EFFECTIVE EQUIDISTRIBUTION FOR CLOSED ORBITS 



17 



Set X = T\G. 

The Lie algebra g possesses a natural Q-structure. We choose a rational 
F-stable lattice C g satisfying [qz,Qz] C Qz- This is always possible, 
assuming only that T is arithmetic. 

We fix throughout this section, and, indeed, throughout the entire paper, 
a homomorphism (f) : SL2(M) H that projects nontrivially to each simple 
factor of H^. This determines a unipotent one-parameter subgroup: 

(3.1) u{t):=<p(^l [ 

The adjoint representation of this SL2(M), i.e. Ad o 0, decomposes g into 
a direct sum of irreducible representations. Let go be the sum of all the 
highest weight spaces in all these irreducible representations, with respect 
to the diagonal torus of SL2(M) (equivalently: the {u(t)}-fixed subspace) 
and let gi be the sum of all remaining weight spaces. Thus 

(3.2) g = goegi. 



For r S g, we shall write r = ro + ri according to (3.2 ). 



3.1. Concerning constants and their implicit dependencies. The no- 
tation K, Ki, . . . will always denote positive constants that depend only on 
the isomorphism class of {H, G). Because, in the circumstance of the main 
Theorem, there exist only finitely many possibilities for this isomorphism 



class if one fixes dim(G) (cf. Lemma A. 1.1), it is equivalent to say that 
these constants depend only on dim(G). Moreover, these constants are all 
indexed, and they come with hyperlinks to the point where they are defined. 
We hope the latter feature will be useful for readers using suitable viewing 
software. 

An important note is that, because there are only finitely many interme- 
diate subgroups S between H and G, any constant that depends only on S 
or just on its isomorphism class also can be chosen so that it depends only 
on H, and G. We shall use this observation several times without explicit 
mention. 

The notation i, ti, . . . will denote positive constants that depend onljj^on 
G,H, p, the norm || • ||, and on the given orthogonal basis of g. 

The notation ci, C2, . . . will denote positive constants that may depend on 



G, H, p, II • II, the lattice T, and on the lattice gz C g discussed in ^3.6 The 
numbering of these constants resets by subsection. 

If either of these constants depends additionally on other parameters we 
make this explicit by writing them in parenthesis, e.g. t2{d) is a constant 
depending on G,H,p, the norm || • ||, the orthogonal basis of g, and the 
parameter d. 



In particular, constants of the form i,« are allowed to depend on the Q-structurc on 
G, by contrast with k». 
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As a rule of thumb we shall strive to ensure that the exponents in our 
results depend only on G, H; on the other hand, we shall not strive for such 
minimal dependency in other constants. For instance, in the statement of 
the Theorem, the exponent 5 depends only G, H; whereas the constant Vq 
is permitted to depend on T. 

3.2. The <C-notation and the ^-notation. So that the notation of this 
paper does not become overwhelming, we shall introduce certain notational 
conventions. 

We shall use the expression <^ B" for two positive quantities A, B, 
to mean that A < C3{d)B, notations as above. (It will happen in a large 
fraction of this paper that a parameter d will be present, measuring the 
index of a suitable Sobolev norm. Therefore, we make the convention that 
implicit constants are allowed to depend on the symbol "cf ' , or whatever its 
value in the present context is. If no symbol d is present, A <ti B simply 



means A < c^B. In ^3.7 we give an example to clarify this notation.) 

We shah use A ^ B to mean that both A <^ B and B <^ A. 

Suppose ^ is a quantity taking values in (0,oo). We shall write A^ for 
any quantity f{A) that is defined for sufficiently large j4 in a fashion that 
depends only on G, H, and so that f{A) ^ oo as ^ ^ oo. We write A^ for 
any quantity g{A) defined for sufficiently small ^ in a fashion that depends 
only on G, H and so that g{A) — > as A — > 0. 

For instance, the function — dim{G)A'^^'^^^^~^ could be abbrevi- 

ated as A-^. 

We write B = A* if B = c^A'^^ . We write B = A'* if B = cqA-^. In a 
similar fashion, we define B < A*, B > A*, etc. 

For instance, the function vol(r\G)^'^™'^ could be abbreviated as A*. 

3.3. Metrics, measures, Lie algebra. The Euclidean norm on g defines 
a left-invariant Riemannian metric on G, which descends to a metric on 
X = T\G. 

For 5i,52 G G, we write gi ~ g2 if the distance between gi and g2 is 
< e. Similarly, we use the same notation xi ~ X2 for xi,X2 G X. We say a 
finite subset of a metric space is J-separated if the points all are at mutual 
distance > 5. 

The Riemannian metric on G also gives a Haar measure on any subgroup 
of G, in particular, all the intermediate subgroups between H and G. We 
shall denote these measures by dvol. If Q is a subgroup of G, we may use 
this Haar measure to speak of the volume vol{xoQ) of any closed Q-orbit 
on X. By contrast, we shall use either the letters /i or to denote the 
Q-invariant probability measure on xoQ. 

We set := maxij{\p{g)\ij,\p{g-^)\ij). 

We note that, for some constant is 



(3.3) ll^-^ = ||<7ll, \\gi92\\ < A^||<?i||||52||, ||Ad(5)||op < ts \g 
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Here || • ||op denotes the operator norm w.r.t. the chosen Eudidean norm on 
Q and the last inequahty follows since we assume that the adjoint represen- 
tation occurs in p. A consequence of ( |3.3| ) is 

(3.4) d{xg,yg) ^T^\g\\d{x,y) 

either for x,y € X oi x,y £ G. 

3.4. Intermediate subgroups. For each intermediate subgroup H C S G 
G, we let be the connected component of the identity in S, and let S be 
the normalizer of the Lie algebra s; thus C S C S; moreover, the index 
[S : S^] is finite by virtue of the assumption that f) has trivial centralizer. 
Also, S is "a real algebraic group", i.e. consists of the real points of an 
algebraic subgroup of G defined over M. The following will be proved in ^A| 



3.4.1. Lemma. Suppose H C G is semisimple and that has trivial central- 
izer in Q. Then H is not contained in any proper parabolic subgroup of G. 
Moreover, there are only finitely many intermediate subgroups H C S C G. 
Each such S is semisimple without compact factors. 

Although we shall not explicitly introduce notation for it, it is convenient 
to regard as fixed a choice of maximal compact subgroup of S, for every 
intermediate subgroup H C S C G. 

3.5. Balls in intermediate subgroups. For each connected intermediate 
subgroup S D H, we shall define a certain increasing family of balls Bs{T) 
(sometimes denoted Bg). These balls have the following properties: 

(1) Bs{T) C Bs{T') if T < T': 

(2) Bs{T) C {sG 5: ||s|| < T}. 

(3) (a) If C is compact, there exists c = Cf{^l) so that Q.Bs(T).Q C 

BsicT); 

(b) As 17 J, 1, we may take c — > 1. 

(4) The volume Bs(T) grows as a positive power of T (up to logarithms) , 



see (6.12) for the precise statement. 

The construction is slightly elaborate; taking simply BgiT) = {s £ S : 
\\s\\ < T} is fine when S is almost simple, but gives rise to "hyperbola- like" 
balls in the semisimple case, so a slight modification is needed. The reader 
need not pay to much attention to the precise details of the construction. 

Fix for each such S an isogeny 

/ 

(3.5) $:J]5i^S 

i=l 

from a product of connected, almost-simple groups onto 5. We put, for S 
connected, 

Bs{T) := cD{(si, •..,si): \Msi)\\ < N-^T^/' for i = 1, . . . , /}. 

It would be possible to define corresponding sets in the disconnected case, 
but we do not need this. 
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3.6. Noncompactness. For x G X we set: 

ht(x) := suT>{\\Ad{g-^)v\\-^ : Tg = x,vegz\{0}} 
e{R) := {xeX : ht(x) < R}. 

In words ht(x)~^ is the size of the smahest nonzero vector in the lattice 
Ad{g^^)Qz C corresponding to a; = Tg. Note that we have ht(x) ^ 1 for 
ah X £ X. 

As fohows from reduction theory the set &{R) is a compact subset of 
X. Indeed, every x £ &{R) may be expressed as x = Tg, where Ad(g') has 
operator norm ||Ad((7)||op ^ R w.r.t. the norm on q. 

We note that 

(3.6) ht{xg) ^|g||ht(x). 
Moreover, there are constants L4 and K3 so that 

(3.7) g ^ xg from G to X is injective for d{g, 1) ^ f.4| it(x)~l^ 

That statement follows by considering a basis for the lattice Ad{g~^)Qz 
corresponding to x = Tg. We shall refer to [l4|it(x)~lHil as the injectivity 
radius at x. 

We shall require the following lemma, which relies on the mentioned lin- 
earization technique [2^ and on our technical assumption in ^1.2 that the 
centralizer of is trivial (in the form of Lemma 3.4.1 ). The proof is given 
in Appendix [B) 

3.6.1. Lemma. (1) There exists Ri > 1 so that any H-orbit on X in- 
tersects &{Ri); 

(2) There are constants cg and K4 so that, for any H -invariant measure 
IJ', 

/i({x ^ &{R)]) ^^-[^ 



In particular, we may choose Rq so large that, for any //-invariant measure 
/i, we have /i(X \ &{Ro/2)) < 10"^^ The set &{Ro) wih occur throughout 
our paper as a convenient choice of compact. We shall refer to it as X^pct- 

3.7. Sobolev norms. In dealing with analytic questions on X = T\G, we 
shall make systematic use of a certain family of Sobolev norms. While there 
is overhead in developing their basic properties, they offer a clean formalism 
for analysis on homogeneous spaces. 

Recall that we have chosen an orthonormal basis for g. This defines for 
every c? > a system of L-^-Sobolev norms on C^{X): 

(3.8) 5,(/)2 := ^ ||ht(x)^P/||i„ 

where the sum is taken over T> G U{q), the universal enveloping algebra of 
g, which are monomials in the chosen basis of degree < d. 
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Although defined for all d, we use only for d sufficiently large that Sd 
majorizes pointwise values of derivatives; see important comment below. 

We note that Sd defines a Hermitian norm on C^{X). It has the following 
basic properties: there exists some ^5, which we may assume to be larger 
than dim(G) for technical convenience later, so that 



(3.9) II/IIl- «d SdU), for d >[^and / G C^{X) 
and for every d there exist^ an integer d' > d 

(3.10) Trace(5||5j,) < 00 

This means: if we complete C^{X) in the norm defined by Sd' to obtain 
a Hilbert space Vd', the form Sd{f)'^ = {Adf,f) is defined by a positive, 
compact operator Ad : Vd' — > Vd' with finite trace. In alternate terms, there 
exists an orthonormal basis {cj} w.r.t. Sd' so that < 



To establish (3.9) and (^3.10), we use (3.7) and reduce to 



pdim G 



Via coor- 



dinate patches. We give details in ^ 

We note that there is kq and L5{d) (where the latter depends also on d) 
so that 



(3.11) 



Sdig.f) i^d)\\g\}^Sd{f) for any / G C^{X) and g e G 

f{xg). To see 



Here g & G acts on a function / defined on X by {g-f){x 
this, combine (3.3), (3.6), (3.8). 



If/i,/2GCr(X),then, 
(3.12) Sd{fif2) <^dSd^fi)Sd^f2), 



as may be deduced from the definition and ( |3.9[ ). 
Once d ^ 1^5] + 1 we have 



(3.13) 



II/-5./IIL- «d d{e,g)Sdif) 



This follows from (3.9) applied to the partial derivatives of / and by inte- 



grating the directional derivative of / along a geodesic curve connecting x 
and xg. 

3.8. Notational conventions concerning Sobolev norms. We observe 
two very important notational conventions concerning Sobolev norms. 
Throughout this paper, when we write Sd, we always assume that d > 

Moreover, in any statement that makes reference to a Sobolev norm Sd, 
the implicit constants in the symbol <^ are permitted to depend on d. 

As an example of these conventions: ( |3.12 ) could be legitimately abbre- 
viated by Sd{fif2) < 5rf4j^(/i)5rf4j^(/2). 



''in this discussion of traces, we draw heavily on the work [2] of Bernstein and Reznikov. 
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3.9. L^-spaces. If is a measure, we denote by L'^{y) the associated L?- 
Hilbert space and by Lq^v) the orthogonal complement of the constant func- 
tion. 

In some cases, it will be more natural to use Lq to denote the orthogonal 
complement of locally constant functions: for instance, if the support of is 
disconnected. We will always indicate clearly when this is the case. 

3.10. Almost invariant measures. For any g & G and any measure i' 
on X, we denote by z^^ the translated measure that is defined via z^^(/) = 
/ f{^g)dv{x) for / G Cc{X) or equivalently v^{B) = v{Bg~^) for any mea- 
surable B <Z X. 

In what follows, we shall define several notions of a measure being almost 
invariant. More precisely, these notions will be almost invariant w.r.t. to 
a Soholev norm S = Sd- We will sometimes omit reference to the Sobolev 
norm if it is clear from context. 

We say that /i is e-almost invariant under g E G if 

|/^^(/)-M/)l<e5(/), /GCr(X) 

We say that it is e-almost invariant under a subgroup Q, if it is e-almost 
invariant under every q G Q with ||g|| < 2. We say that it is e-almost 
invariant under Z G g if it is e-almost invariant under every exp(tZ) with 
1*1 < 2. 

These notions satisfy all the expected properties: e.g. if a measure is 
e-almost invariant under Zi,Z2 € Q with ||Zi||, ||Z2|| < 2, it is e*-almost 
invariant under Zi + Z2. 

A list of such properties is given, with proof, in ^ 

3.11. Spectral gap. There exists an integer pc depending only on G, with 
the following property. 

Let H C S C G he as before, and let xo G X he so that xqS is a 
closed connected orbit. Let ly he the S- invariant probability measure on 
XqS, and Lq{u) the orthogonal complement of the constant function. Then 
Lq(i/)®(*''3~^)^ is tempered as an S-representation; for a review of this notion, 
see §6.2[ This applies, in particular, to the measure fj, as in the statement 
of Theorem |1.3[ We discuss in ^ the origins of that statement and its 
consequences that we will need. 



4. Outline of the proof of Theorem 11.31 

This section is intended as a summary of the paper. We give a detailed 
outline of the proof of Theorem 1.3 giving references and comparisons to 
the non-effective proof in ^ The actual proof of the Theorem is given. 



along the lines indicated here, in { 16 



While this outline is intended to be a reasonable resume of the proof, we 
nonetheless have not indicated all the technicalities that are involved in the 
complete proof. 
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We remark that the presentation of this section is designed so as to match 
^ The order in which results are discussed here, therefore, does not always 
match the order in the body of the paper. |^ 

4.1. Setup. Let, for the whole section, G, H, T, X = T\G, and /x be as in 
the statement of Theorem |1.3[ Let S" D if be a closed subgroup. As in the 
proof in ^ we let r be an Ad(ii)-invariant complement of the Lie algebra 
s of 5" in 0. Recall that we have fixed a one-parameter unipotent subgroup 
u{t) of H that projects nontrivially to each simple factor. 

We shall assume that /i is almost invariant under 5, and will demonstrate 
that either it is almost invariant under a larger subgroup; or fj, is supported 
on a closed S'-orbit of small volume. 



4.2. Outline of the steps. As discussed in §1.5| one can regard the proof 
in three steps: 

(1) Ergodic theorem. The assertion that "most points are generic" is 
used in §2.4| in the ineffective proof, and appears as Proposition A 

(Q). 

(2) Nearby generic points give additional invariance. A form of this 
statement appears in §2.5| in the ineffective proof; an effective form 
will be given here in Proposition B ( ^4.4[ ). 

(3) Dichotomy: If we cannot find two nearby generic points, as above, 
then necessarily // was supported on a closed S'-orbit of small volume. 
This appears in §2.6| of the ineffective proof, and an effective form 
will appear here as Proposition C ( ^4.5[ ). The proof of this is the 
most involved argument of the paper, involving a closing result for 
actions of semisimple groups: an "almost-closed" orbit is near a 
closed orbit. 

The conclusion of the non-effective proof, §2.7[ makes use of some seem- 
ingly trivial principles: If is invariant under S and under g* ^ S, then 
it is invariant by a strictly larger subgroup D S; and, if ii{xS) > 0, 
then fi is the 5-invariant measure on the closed orbit xS. To get the main 
Theorem from Propositions A, B and C requires that these facts be made 



effective. We discuss these issues in {4.6 and conclude the sketch of proof of 



the theorem in M.7 



4.3. Effective ergodic theorem ( ^2.4 ). Fixing a suitable big integer M 



the choice depends only on G - we say that a point x € X is [To,Ti]- 
generic w.r.t. /i if the natural probability measure on {u(t)x}7-M<t<(y+i)A/ 
approximates /x to within an error of about T~^, whenever T G [ro,ri] is 
an integer. The choice of M and a precise formulation of this is to be found 



in the discussion around (9.1). 



The primary reason for this is that a certain group of results, which are used at 
different points in the argument, have their roots in the polynomial divergence properties 
of unipotent flows. Therefore, we treat them together in the body of the paper. 
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Proposition A. (Proposition 9.3) Let H <Z S <Z G , S connected. Suppose 
that fj, is e-almost invariant under S w.r.t. Sd, for d ^ K5I + 1. Then there 
exists (3 G (0, 1/2), d' > d, depending only on G, H, and d, so that: 

Whenever R < and Tq > 0, the fraction of points {x, s) ^ X x Bs{R) 
(w.r.t. /X resp. the Haar measure on S) for which x.s is not [Tq, e~^]-generic 
w.r.t. Sd' is <.d Tq^. 



This assertion is the effective replacement of the discussion of ^2.4 
Let us contrast more carefully the above statement with that of {2.4 
The Birkhoff ergodic theorem says, roughly speaking, that the measure of 
[Tq, 00) -generic points approaches 1, as Tq — > 00 (but doesn't give an error 
either in the rate of genericity nor in the measure of the set). ^2 .41 isolates a 
large subset E of such points. In the context of §2.4[ because the measure 
was exactly S-invariant, the set of pairs {x G X,s £ S) so that xs £ E has 
large measure. 

In the almost-invariant context, one obtains only that the set of pairs 
(x £ X,s € S) so that xs is very close to E has large measure. In particular, 
for such pairs (x,s), the point xs is not [Tq, 00) -generic, but only [To,Ti]- 
generic, where the size of Ti depends on the strength of the notion of very 
close. 

This discussion accounts for the difference in formulation between Propo- 
sition A and 

Proposition A is proved using the quantitative information about decay 
of correlations provided by the spectral gap. It also makes use of the trace 



estimate in (3.10 ). 



4.4. Nearby generic points give additional invariance ( ^2.5 ). We 



refer to (3.2) for the notation ri, for r G r. 



Proposition B. (Proposition 10.2) Let d > | nr-\ -\- 1. There exists constants 



K7 > and Ks > Kg > so that: 

Suppose /ii,^2 o,re H -invariant measures, that xi,X2 G X satisfy X2 = 
xi exp(r) for some nonzero r £ x, and that Xi is [\\r\\~^^, ||ri ||~Ei]|-(^eneric 
w.r.t. and a Sobolev norm Sd (for i = 1,2). Then there is a polynomial 
q -.M ^ X of degree < dim(g), so that: 



l/M 



/^r'^'n/) - «rf lln|FlSd(/), 1 < s < 2 

Iffi / 0, t/ien maXsg[o^2] lk(s)|| can be set to be onej^ Moreover, if = ^2 is 
e-almost invariant under S, then /Ui is <^d max(e, ||r|p3)^/^-a/most invariant 
under some Z € t with \\Z\\ = 1. 

This Proposition, based on polynomial divergence, constitutes an effec- 
tive version of the discussion from §2.5[ More specifically, when applied with 



^However, we will need to set this maximum equal to some constant that depends only 
on G and H. 



EFFECTIVE EQUIDISTRIBUTION FOR CLOSED ORBITS 



25 



fJ'i = it yields an effective version of Lemma 2.5.1 The generaliza- 



tion to two distinct measures /^i 7^ fj.2 requires no effort, and is technically 
convenient for certain other applications (e.g., when studying two distinct 
closed 5-orbits). 

The proof of this Proposition is an obvious quantification of §2.5[ The 
Proposition and related ideas have several corollaries that will be used later 
in the proof. In particular, it implies a quantitative version of the isolation 
of distinct closed S'-orbits. 



4.5. Dichotomy ( pTej ) 



Proposition C. (Proposition 14-2} Given a connected intermediate sub- 
group H C S C G, C ^ (0,1), and ds > 1, there exists and d' depending 
only on ds, C; G, H, and eo <Sds 1, so that: 
Suppose for some e < cq that 

(1) /i is e-almost invariant under S, with respect to the Soholev norm 
Sdg, and that 

(2) ^(xS) = for all closed S -orbits of volume < e~^. 

Then there exists xi,X2 so that X2 = xiexp(r), r G r, ||r|| < e^, and xi,X2 
are both [\\r\\~^^,\\ri\\~^^- generic w.r.t. S^' ■ 

This Proposition is an effective analog of §2.6[ in particular, an effective 



analog of Lemma 2.6.1 However, the proof is considerably more involved. 
It necessitates, in particular, an "effective closing result": the assertion that 
if an orbit xS is "almost closed", there exists x' near x that is closed. 

We devote most of the present subsection to explaining the proof of Propo- 
sition C. We begin by enunciating two results which are, in spirit, quite 



close to Proposition B (= Proposition 10.2); for, like that Proposition, they 



are based in concept on the polynomial divergence properties of unipotent 
flows. For that reason, in the text, they are proved immediately after Propo- 
sition inni 



4.5.1. Lemma. (Lemma 10.3.1) (Quantitative isolation of periodic orbits 
for semisimple groups) There are constants kiq and kh with the following 
property. 

Suppose H C S C G. Let xi,X2 X be so that XiS are closed orbits with 
volume < V. Then either: 

(1) xi and X2 are on the local S -orbit, i.e. there exists some s £ S with 
d{s, 1) < 1 and X2 = x\s, or 

(2) d{xx,X2) > min(ht(xi),ht(a;2))"l^i^"l^. 



The Lemma in combination with Lemma [3.6.1 implies, in particular, that 



the total number of closed S-orbits with volume < y is bounded by a poly- 
nomial in V . 



^'^Scc \ for a discussion of the origins of that argument. 
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Proposition CI. (Proposition 11.1) Let S Z) H. There exists some Vq 



depending onT , G, and H and some K12 > with the following property. 
Let V >Vo and suppose ^(Y) = OifYis any closed S-orbit of volume < V. 
Then: 



(4.1) fJ'{{x G X : there exists x' ~ x with vol{x'S) < V]) < 1/2 

This Proposition is again based on polynomial divergence. For each closed 
orbit x'S as in (4.1), the //-mass of a y~lili2j-neighbourhood of x'S is quite 



small. The idea of this is that one can linearize the flow in the neighbourhood 
of x'S and thereby understand it completely. Taken in combination with 



Lemma 4.5.1 (10.3.1), this yields the claimed result. 



Proposition C2. (Proposition 13.1} Let H <Z S <Z G, with S connected. 



Let 5 < 1 < N . There exists some Tq = To{T,G,H,N) with the following 
property: 

Let T > Tq and let v = volBs{T). Suppose that {si, . . . ,Sk} C Bs{T) 
jQ-separated, that k > v^~^ , and that there exists x € Xcpct so that 



IS 



rp-N r~ T 

xsi ~ xsj. Then there is x' ~ x so that x'S is a closed orbit of volume 

< T^i. 

This result constitutes an effective "closing Lemma" for actions of semisim- 
ple groups on homogeneous spaces. 

Idea of proof. Choosing a representative go £ G for x, the fact that xsi 
is close to xsj means that there is an element 7 G T that moves goSi near 
to goSj. Thereby, one constructs a whole collection of elements of T near to 

goSgQ^. 

We first establish that all these elements must themselves lie on a different 
conjugate g'^Sg'^^. Here G G is very close to g^. This uses, in particular, 
the arithmetic nature of T. A baby version of this argument is the fact that, 
if three points in 1? n [—N, N]"^ all lie within of a certain line in the 

plane, then they must exactly lie on a nearby line. 

Next, we show that the existence of so many elements in T that lie inside 
g'^Sg'^^ force the subgroup g'^Sg'f^^ n T to be a lattice. This step uses a 
spectral gap. A simple statement with the same general flavor as what we 
need is the following: Suppose we are given a discrete subgroup A C SL3(M) 
so that 

,^ , , #{m G A, ||m|| := A/Trace(m.m*) < T} 
(4.2) lim — = 00 

Then A is a lattice. (For comparison, the asymptotic for SL3(Z) is T^.) 

This statement may be derived from Property (T). (The fact that A 
has many elements translates to the existence of a subrepresentation of 
L^(A\SL3(M)) near to the trivial representation.) The precise form of what 



we use is somewhat different and is stated in Proposition 12.2, part (2). 
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Therefore, we have estabhshed that x' := Tq'q is close to x = Tgo, and x'S 
is a closed S-orbit. A more detailed study shows that the volume of x'S is 
also small. □ 

Now, we sketch the proof of Proposition C. 

By Proposition A, for "most" x € X, the measure of Bx '■= {s S : 
xs generic} is "large." (Here "generic" means the notion specified in the 
statement of Proposition C.) 

More is true: let O be a small neighbourhood of the identity in S. Given 
X £ X, let B'^ consist of s G S" so that vol(sO n B^) > 0.99vol(O). By 
Fubini's theorem, the volume of B'^ is large for "most" x. (Compare the 
usage of Fubini's theorem in ^2.6[ ) 

Supposing, for simplicity, that X were compact, we cut X into boxes of 
size e*. Let us observe that if one such e* box contained a large fraction 
of the volume of x.B'^, then Proposition C2 would show that there is x' , 
very near to x, so that x'S is closed. Proposition CI shows that this cannot 
happen, at least for "most" x. Therefore, Proposition CI shows that, for at 
least one x £ X, no single e*-box contains a large fraction of the volume of 
B,. 

Consequently, for at least one x £ X, there exist two distinct but close 
e*-boxes, each of which contain a point of the form xs, s £ B'^. It is easy to 
see - by "adjusting along the S-direction" - that this implies the conclusion 
of Proposition C. 



4.6. Effective version of §2.7 , In this section, we discuss some of the 



results which effectivize the rather trivial-seeming principles used implicitly 
in §2.7[ After this, we present the proof of Theorem |1.3[ 



Proposition D. (Proposition 8.1) Fix a Sobolev norm S^; all notions of 
almost invariance are taken with respect to this. Suppose that /i is e- almost 
invariant under a subgroup S and also under Z £ q such that Z _L 5 and 
\\Z\\ = 1 where s is the Lie algebra of S. 

Then there is a constant K13 so that fi is also ci{d)^^^ almost invariant 
under some subgroup 5"* with dim(S'*) > dim(S'). If H (1 S, we may also 
assume that C 5"*. 

This is proved in ^ and effectivizes the statement "If /u is invariant under 
S and under g* ^ S, then it is invariant by a strictly larger subgroup 5* D S" 



used in [2.7 The difficulty may be seen in the following case: let Si be an 
intermediate subgroup, and suppose that Z lies almost in the Lie algebra of 
Si. Then, in the statement of the proposition, one wants to take 5=,, = Si 
rather than the group 5*2 generated by H and exp(Z). Indeed, because Z 
lies almost in 5*1, the subgroup H and the element exp(Z) generate 5*2 very 
"inefficiently." 

We deduce it from the corresponding Lie algebra statement. Given T = 
{ii, . . . } C 0, we set T^'^) to be the set of all possible iterated Lie brackets 
of the tiS of depth < k. 
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Proposition E. (Proposition 7.1) There exists an integer k and some c > 
depending only on G with the following property. For any orthonormal subset 
T = {^1,...} of Q, and < < 1 there exists a subalgehra tr C g with 
orthonormal basis wi,'W2, ■ ■ ■ satisfying: 

(1) For each Wi, there exists a linear combination w[ = Ylit&T(>') ^i^' '"'^^^ 
Q G M satisfying |q| < , so that \\wi — w'j\\ <^ 6"^. 

(2) Each t £ T is within 5 of (i.e. minwem Ww — t\\ < 5). 

If the linear span (T) ofT contains a subalgebra f), then there exists k and c 
depending on the pair so that (1) and (2) hold and, in addition, \) dXo. 

In explicit terms, It) is a Lie subalgebra that is efficiently generated by 
small perturbations of the elements of T. The proof of this is (at least 
intuitively) clear, the ti span an "almost-subalgebra" in an efficient way, and 
because the space of subalgebras of g is compact, this almost-subalgebra is 
near a genuine algebra. We will use the Lojasiewisz inequality to carry that 
argument through in an effective way. 



Proposition F. (Proposition 15.1) Let xq X be so that xqS is a closed 
orbit of volume V, for some connected S D H. Suppose ^ is a probability 
measure on xqS that is e-invariant under S w.r.t. a Sobolev norm S^- Let 
V be the S-invariant probability measure on xqS. 
Then there are K14 and K15 so that 

(4.3) |^(/) - z.(/)| «d Vf^Mi^'^Sdif) for f G C^^X). 



In particular, t here are constants KiQ,Kn > such that if V < eill^'^ 
then fi and v are ^Ell^'^- close: 

\Kf) - «d S"5d(/) for f G C^{X). 

This result is an effective version of the statement "/x(x5') > implies 
that fi is the S-invariant measure on the closed orbit xS." To prove it, let 
X G Cc{S) be a positive compactly supported function on S with integral 



one. For a smooth function / as in (4.3), the values /x(/) and ^(/*x) are 



approximately the same by almost invariance. However, repeated applica- 
tions of the convolution operator / ^ / * X makes / converge to a constant 
function, whence the result. 

4.7. The theorem is as easy as ABC. Say that fi is [5, e, d^J-almost 
invariant if it is e-almost invariant under a connected subgroup S D H, 
w.r.t. ds- Propositions D and F, from the previous section, easily convert 
Propositions A,B,C to the following dichotomy: 

Lemma. ( ^16. 1\ ) Suppose that jj is [S,e,ds]-almost invariant. There exists 
constants 02(^5), ^18(^5), ^19(^5), K2o{ds), and d'gso that for any e ^ C2I 
either: 

• \Kf) - l^x„sif)\ ^ C3{ds)^i^'^^^Sds{f), for some closed orbit xqS 
of volume < .^H^ist'^s) 
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The measure ji is [S*, 04(^5)8^22!'^^-*, d'^] almost invariant, where the 
connected subgroup S^, D H has larger dimension than S. 



Iterating this lemma yields Theorem 1.3 



5. Basic properties of Sobolev norms. 

5.1. Bounding the L°°-norm. We extend the notion of Sobolev norm to 
M". We define for / G C"^(]R") and the open set B, = (-e,e)" C M" the 
Sobolev norm 

\a\<d 

where /^-^ denotes the a-partial derivative, and the sum is extended over 
all multi-indexes a of degree < d. 



The following establishes (3.9) 



5.1.1. Lemma. Let n > 1. There exists a constant c(n) for which 

(5.1) \f{x)\<c{n)e-^SnMf) 
for alle<l, f e C°°{W), and all x G B^. 



Moreover, there exists a constant ci{d) and K5 such that, whenever V> G 
[/(g) has order < r, 

(5.2) \ht{xyVf\<C2{r,V)Sd+rif) 
for all f G C^{X) whenever d > | 



Proof. The statement in ( |5.1[ ) follows for n = 1 quite easily: If there is 
no |/(y)| smaller than ||/(a;)| the statement is clear, otherwise the first 
derivative will have an integral > ^|/(x)|. Using Fubini's theorem (5.1) 
follows by induction on n. 

Let now x ^ X and / G C°°{X). We consider the function g 1-^ f{xg) in 
a ball of the form d{g, 1) ^ 64| it(3;)~l^, which by (3.7) is an injective image 



of the corresponding ball in G. Choosing a coordinate chart for G around 
the identity, we transfer the question to M'^'™'^ and apply (5.1). 

□ 

5.2. Trace estimates. We are going to use the following basic properties 
of the relative trace. See the paper of Bernstein- Reznikov [2, App. A] for a 
more careful development of these ideas. The relative trace of two Hermitian 
forms A and B (the latter being positive definite) on a complex vector space 
V is defined as 
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if V is finite-dimensional and ei, ... is an orthogonal basis of V with respect 
to B. B In the infinite dimensional case we define 

TiiA\B) = sup Tt{Aw\Bw) 
wcv 

where the supremum goes over all finite dimensional subspaces of F and 
B\Y are the restrictions of A and B to W. Then 

Tt{A\B) < Tv{A'\B) iiA<A' and Tr {A\B') > Tt{A\B) if B > B' 

for any Hermitian forms A, A' , B, and B' on V. Here A < A' means that 
A{v) < A'{v) for ally £V. UA<B then Tr(yl|5) = J2i ^(^i) where d, . . . 
is an orthonormal basis w.r.t. B. This was already claimed in f|3]and follows 
from % Prop A.2Q 

We will be using that notion and these facts also in the case of a general, 
not necessarily positive definite, Hermitian form B, but only in the case 
when A is zero in the radical of B (the latter being the subspace where B 
is zero). In this case, the trace is defined as the trace on the quotient of V 
by the radical. 

Although we do not explicitly use it, the following gives a helpful "nor- 
malization" of the idea of relative traces. Suppose Ni,N2, . . . ,Nr are Her- 
mitian norms on V, so that Ni is bounded by a multiple of Ni^i; and the 
relative trace Tr(A'j| A'^j+i) is finite. Then there exists an orthogonal basis 
ei, . . . , Cfc, . . . for the completion of V with respect to Nr, so that A'^i is also 
diagonal with respect to this basis, and moreover: 

(5.3) sup/-^fM<oo. 



5.3. Proof of (3.10). For x £ X, consider the linear form on C^{X) given 
by: 

: / ^ ht{xyVf, 

where P is a monomial in the chosen orthonormal basis of g with degree 
< r. By Lemma 5.1.1[ 



(5.4) 



TTace{\L,\^\Sj) < C2{r,V) 



whenever d ^ ^^1 + r. Integrating ( |5.4[ ) over x £ X, and summing over V, 
yields ( [3lo| (cf. [2, App. A, Prop. 1]). □ 



This is well defined since it equals Tr(B"M) if we consider A and B as maps to the 
Hermitian dual of V . 

^^In (2] App. A] continuous Hermitian forms on a topological vector space were con- 
sidered, but with A < B both forms become continuous w.r.t. the norm derived from 
B. 
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6. Basic properties pertaining to spectral gap. 

Our primary aim in this section is to prove the fohowing result, as weh 
as estabhshing enough background on spectral gap to take advantage of it. 

6.1. Proposition. Notation being as in § let H d S d G. Let x d X , 

and Sx the stabilizer of x in S. 

Then the action of S on the orthogonal complement to locally constant 
functions in L'^{Sx\S) has a spectral gap. Moreover, that spectral gap de- 
pends only on G, H . 

We observe that, in the case when H has property (T), this result is 
obvious. 

6.2. The spectral gap and tempered representations. For general ref- 
erence on semisimple groups, see |62J. We refer also to [46 where the relation 
of spectral gap and matrix coefficient decay is discussed and used. Let S be 
a (not necessarily connected) semisimple real group with finite center. 

6.2.1. Spectral gap: definition. We say that a unitary representation {tt,V) 
of 5 - not necessarily irreducible - possesses a spectral gap if there is a 
compactly supported probability measure v on the connected component of 
S, and 5 > 0, so that: 

\\Tr{u)v\\ < {1 - 6)\\v\\, (vGV). 

It is equivalent to say that the "irreducible constituents of vr," as a subset 
of the unitary dual of S^, are isolated from the trivial representation in the 
Fell topology. 

6.2.2. Tempered: definition. We say that an irreducible, unitary representa- 
tion vr of S* is tempered if it is weakly contained in the regular representation 
-L^(5). We say that a unitary representation (vr, V) is tempered if it may be 
disintegrated into tempered representations. 

It is equivalent to ask f9', Theorem 1] that there exist a dense subset V C V 
so that s I— > {7r{s)v, w) belongs to ^^+^(5") for each v,w & V and e > oj^ It 
is also equivalent to ask that the restriction of vr to the identity component 
of S be tempered; or that the pull-back of tt to any finite covering of S be 
tempered. 

If TT is an irreducible representation of S with compact kernel, then there 
exists an integer m > 1 so that vr®™ is tempered. This provides a useful 

^■^It would be more usual to make this definition without the connected component 
restriction; the present definition is more convenient for our purposes. 

^^More precisely, that Theorem asserts that, if w G is so that the diagonal matrix 
coefficient {'jt{s)v,v) belongs to L^^"^ , then the representation of S on {Sv) is weakly 
contained in the regular representation. This means that the diagonal matrix coefficient 
{Tr{s)v,v) is uniformly approximable, on compacta, by convex combinations of diagonal 
matrix coefficients associated to the regular representation. Clearly, if this property is 
valid for a bounded sequence Vi, it is also valid for any limit of the ViS; whence the stated 
conclusion. 
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measure how close to tempered a representation is: We say a unitary repre- 
sentation vr is 1 / ni-tempered if vr®"* is tempered. (It is equivalent to say that 
it is for all e > 0; the latter phrasing appears often in the literature.) 

6.2.3. Relations between spectral gap and temperedness. If S is almost sim- 
ple, 

(6.1) If (tt, V) possesses a spectral gap, 

then vr is 1/m-tempered for some m > 1. 

This assertion is by now a "folk" result, but is rather remarkable. The 
property of having a spectral gap is "local" in nature: it depends on the 
action of group elements near the identity. On the other hand, the property 
of being 1 / m-tempered constrains the action of group elements very far from 
the identity. 

The proof of this assertion may be obtained by combining various results 
in the literature; see Appendix C. Obviously this is a rather unsatisfactory 
state of affairs; we don't know of any entirely conceptual proof. 



This ((6.1 )) is false if S is not almost simple. According to our definition, 
the representation 1 ® L^(SL2(M)) of SL2(M) Cg) SL2(M) possesses a spectral 
gap. However, it is not 1/m-tempered for any m>l. 

6.3. S ome facts on matrix coefficients. We restrict, in the present sec- 
tion (^6.3), to the case of S connected. 



S admits an Iwasawa decomposition S = N.A.K; here K is a maximal 
compact subgroup of S which is the fixed point set of a global Cartan invo- 
lution G : — > 5. Accordingly, there is a projection Ha : S ^ A.\^ 
We define the Harish- Chandra spherical function ipQ via the rule: 

(6.2) ^o(s) := / HA{ks)Pdk 

Jk£K 

where p : A ^ M-|_ is the half-sum of the roots (counted with multiplicities) 
of A acting on A^, and dk is the probability Haar measure on K. 

S also admits a Cartan decomposition S = KA^K. The function ipo 
is bi-i^T-invariant and belongs to L^^'^(S'), for every e > 0. Moreover, in 
obvious notation (see [301 Proposition 7.15(c)]) 



(6.3) \(po{ka+k')\ <^e p{a+) 



-1- 



for any e > 0; the implicit constant here depends on the isomorphism class 
of S only. 



^^This is mainly because of the lack of suitable references in general. 

The notions we are about to define depend on the choice of K, although this de- 
pendency is not very important. Moreover, we use the results of this section for S an 
intermediate group between H and G; for such we have fixed a choice of maximal com- 



pact after Lemma 3.4.1 
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Moreover, for any one-parameter unipotent subgroup u ■.'K ^ S we have 
the bound lII 

(6.4) \M<m<^e{i + \t\)-'^'. 

It win be convenient to make a shght generahzation of this definition to 
handle some shght comphcations arising from groups with muhiple simple 
factors. If S is a direct product Si x ... 5"^ of almost simple groups, we set: 

(6.5) ipQ^{si,...,Sk) = max ipo^sA^i). 

l<i<k 

Even if S fails to be a direct product, i.e. is isogenous to a direct product, 
there exists an isogeny Y[i=i Si ^ S; the function ip^^ defined on ni=i 
by (6.5) is bi- invariant by a maximal compact of ni=i ^i, and in particular 



by the kernel of the isogeny. It thereby descends to S. 

6.3.1. Lemma. Let F <Z S he hi-K -invariant, i.e K.F.K = F. Then 

(6.6) wo\{F)-^ [ (/7o(s)(is < vol(F)-^/^ 



F 

vol(F)-2 f ipQ{ss'~y/P < vol(F)-^. 

Js,s'£F 

The implicit constants in these estimates depend only the isomorphism class 
of S and the choice of Haar measure. 

Proof. The first assertion follows by the duality between and L^/^. 

Next, let p > 1, and consider fp (pQ{ss'~^)^^Pds ds' . Let q satisfy l/p + 
1/q = 1; then, by duality between and L'^, 

vol(F)-2 / Mss'~')'^P <( I Mss'-'))'^" vol{Fy 

Js,s'eF \Js,s'<^F / 

Noting the identity /^^^ v3o(sifcs2) = Vo{si)lpo{s2), cf. [301 (7.45)], we 



-2/p 



simplify this to (6.6). □ 

6.3.2. Bounds for matrix coefficients of tempered and 1/m-tempered repre- 
sentations. If (vr, V) is a tempered representation of S, it is known [9j that: 

(6.7) {s.v,w) <ipo{s).\\v\\\\w\\{dimKv)'^/'^.{dimKw)'^/'^ {v,weV) 

Fix a basis for the Lie algebra s of S. We may define a system of Sobolev 
norms Sj on the smooth subspac^^ of any unitary representation V vie'^ 

SXif) :=sup||P/|| 



can be deduced, e.g., by embedding u in an SL2(K). 
Here v & V is smooth if the associated orbit map G V is smooth, 

It should be noted that, when speciahzed to the case of V = Ll{r\G), this gives 



norms that do not coincide with the family of norms defined in (3.8 1. However, the latter 



majorizes the former if we allow different indices and use (3.9 1 for as many derivatives 
along s as needed. 
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where the supremum is taken over D € U{q), the universal enveloping alge- 
bra of s, which are monomials in the chosen basis of degree < d. Then 

(6.8) {s.v,w) <CkMs)-SU^)Skiw) {v,w£V) 

for s £ S, any integer k > (dimEr)/2 and a constant Cfc > 1. 

Suppose, now, that (tt, 1/) is 1/m-tempered; in that case we have: 

(6.9) {s.v,w) < c[Ms)'^"'S^{v)SUw) {v,w € V) 
for s £ S. 

6.3.3. Bounds for matrix coefficients in presence of a spectral gap. As we 



have discussed (end of ^6.2.3) it is possible for a representation to possess 
a spectral gap, but not to be 1/m-tempered for any m > 1. In order to 
quantify the decay of matrix coefficients in such cases, we use the function 



(fi^^ of (|6.5[). 



If (vr, V) possesses a spectral gap, there exists p > 0, depending only on 
this gap, such that the following majorization holds: 



(6.10) {s.v,w) < Ck{ipTis)r.S^iv)S^{w) sGS,,{v,weV), 

for k > (dimK)/2. 



By unitary decomposition it suffices to verify (6.10) for every irreducible 
"constituent" of V, i.e. every irreducible unitary representation that weakly 
occurs within V. 

Take an isogeny n^=i Si —>■ S with each Si connected almost simple. Any 
irreducible unitary representation of n«=i '^i factors as a tensor product 
^i^iCTi, where each ai is irreducible. 

The assumption of spectral gap implies (cf. ( |6.1| )) that there exists an 
integer m so that every irreducible "constituent", upon pullback to n^=i 
is of the form a = <8)f=icri, where there exists 1 < i < / so that af"^ 
is tempered as an Sj-representation. Assume i = 1, the argument being 
similar in general. 

For V, w in the space of a, put w' := (1, S2, • • . , sj)^^w. Then: 

(6.11) ((Sl, . . .,Sl)v,w) = ((Sl, 1, . . . , 1)V, (1,S2, . . .,si)~^w) 

The very last step follows, because the Sobolev norms here are taken on 
a considered as an Si-representation, and in particular commute with the 
action of 52 x • • • x S"/. Our assertion follows. 



6.4. Some estimates of volumes and matrix coefficients. In the present 
section, H, G are as in j ]l.l[ 
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Let H C S C G, with S connected. We claim that for T > 2, and for any 
P>0, 

(6.12) vol Bs{T) ~ vsT^HlogTY^, 

1 



for suitable vs,As,Cs > 0, and ^5 > depending on S. Here f{t) g{t) if 
f§ ^ 1 as t ^ 00. 

The estimate on the volume follows from [25', Thm. 2.7]. (Actually, we do 
not need this level of precision, but it is convenient to have an asymptotic.) 



Indeed, notations as in (3.5), it suffices to compute the measure of the 



inverse image of Bs{T) under i.e. the measure of 
(6.13) ker($) • J[{s G Si : ||$(si)|| < N-^T^/']. 

i 

We can regard this as a certain union of sets, parameterized by the finite 
kernel ker(<I>). The results stated in [25] implies an asymptotic for each 
intersection of these sets, whence also an asymptotic for their union. 



Now, let us indicate the proof of the second assertion of (6.12 ). Take the 
isogeny $ : nj=i Si ^ S from (3.5). Because max(a'', bf) <C aP + bf, and the 



Haar measure on S pulls back to the Haar measure on Yl^ Si, it is enough 
to check, for each 1 < i < I, the average value of (po{siS^~^) over (6.13) is 



bounded by a negative power of T. The set (6.13) is contained in a set of 
the form 



(6.14) 



His G Si : \msi)\\<R}. 



where R x T^/^; moreover, the sets (6.13) and (6.14) have comparable 



volumes, by what we have just discussed. 

We conclude that it is enough to check that, for each 1 < i < I, the 
average of ipo{ss'~'^)P over the set {(s,s') G 5i, ||<I>(s)||, ||<^(s')|| < R}, is 
bounded above by a negative power of R. 

That assertion, however, is an almost-immediate consequence of ( |6.6[ ); we 
need only enlarge {s £ Si : \\^{s)\\ < R} so that it is bi-invariant under a 
maximal compact of Si. This increases the volume by at most a constant 



factor, by property (1) of (3.5) and the above volume estimate. 



6.5. The representation of S(M) on an algebraic homogeneous space. 

Having established basic definitions concerning tempered and —-tempered 
representations, we now show that certain naturally occurring examples, 
viz., representations of the real points of an algebraic group, on the real 
points of an (algebraic) homogeneous spaces, have such properties. 



20n 



The reference [25] assumes that S connected. It also proves "Theorem 2.7" only in 
a special case, deferring the general case to another paper. We note however that Benoist 
and Oh [T] have given a lovely conceptual argument for such volume asymptotics. 
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We say that, if F is a vector space over a field k, and G C GL{V) an 
algebraic group, then w G F is stable if it is not contained entirely in the 
non-negative weight spaces for any fc-split torus G„i C G. 

For example, if G = SL2, the irreducible (algebraic) representations of 
G are precisely the representations on the space of degree m bivariate ho- 
mogeneous polynomials, for m > 1. According to the definition above, a 
degree m polynomial is then stable exactly when there is no root in F^{k) 
of multiplicity > m/2. 

We will use this notion when A; = M. In this case, the set of stable points 
is topologically open. 

6.5.1. Lemma. Suppose S acts properly on a real manifold M. Then, if v 
is an S -invariant Radon measure on M, then Lp'{M,u) is tempered as an 
S -representation. 

Recall properness means that the map S x M ^ M x M, defined via 
(s,m) 1-^ (sm, m) is proper. 

Proof. Indeed, it suffices to verify that matrix coefficients s ^ (s/1,/2), 
when /i,/2 G Cc{M), are in L^'^^{S). By properness, they are compactly 
supported. □ 

6.5.2. Lemma. Suppose we are given a finite-dimensional algebraic repre- 
sentation {p, V) 0/SL2. Let M G Vg, be a SL2{^) -stable submanifold so that 

every rn G M is stable. 

Then the action o/SL2(M) on M is proper. 

Proof. Let A = {at] be a diagonal torus within SL2(M). It suffices to verify 
that the action of A on M is proper, in view of the Cartan decomposition. 

Split V = ®Vn, where {at} acts on Vn by the character e"*. 

Choose compacta Ki,K-2 C M. Suppose, to the contrary, that there 
exists a sequence Ui & Ki,Vi G K2 and an unbounded sequence . G ^ so 
that Vi = atiUi. Let be a limit of the Ui and v a limit of the Vi. Then 
neither u nor v are stable, a contradiction. □ 

6.5.3. Lemma. Suppose we are given a finite- dimensional algebraic repre- 
sentation {p.,V) 0/SL2. Let u be an SL2(M.) -invariant Radon measure on 
Vr so that v-almost all vectors f G Vr are not fixed by SL2(M). Then almost 
all vectors inVg.® Vr, w.r.t. v x v, are stable. 

Proof. livi,V2 G Vr are not fixed by SL2(M), then vi®gv2 is stable in F©F 
for almost all G SL2(M). This, together with Fubini's theorem, implies the 
stated claim. □ 

6.5.4. Lemma. Let S be a semisimple M-algebraic group without anisotropic 
factors, and lefLcS be an algebraic subgroup of strictly lower dimension. 
Let S resp. L be the real points of S resp. L. Then the right action of S on 
L'^{L\S) has a spectral gap. 
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Although this case does not arise in our apphcation, one should interpret 
L'^{L\S) as the "unitary induction from LtoS of the trivial representation," 
in the case where there fails to be an S'-invariant measure on L\S. 

Proof. It is easy to see that one may assume that L has no characters over 
M. Otherwise, replace L by the intersection L' of the kernels of all such char- 
acters. Then L'^(L'\S) weakly contains L'^{L\S), and it suffices to prove the 
theorem replacing L by L'. Similarly, we may assume that L is connected. 

Fix a morphism from SL2 to S that projects nontrivially to any almost- 
simple component of S. Then the measure of points in L\S fixed by SL2(M) 
is zero. 

There exists a representation {p,V) of S and a rational vector vl £ V 
so that the stabilizer of the line M.vl is precisely L. By assumption, L is 
connected and has no M-characters, so L is the stabilizer of vl. 

Let Y be the orbit of vl under S; it is an algebraic subvariety of V. Let 
Y = Y(M). Then L\S is identified with an open subset of Y. Let v be 
the measure on Y corresponding to an S'-invariant measure on L\S, which 
exists since L is unimodular. 

Consider V(BV as an SL2-representation. Consider Y xY C Vrx Mr- The 
set of stable points M C y x y is an open subset of full measure (Lemma 



6.5.3[ ). So X Y,u2^) = L^{M,i^ x ly). 

We apply Lemma 6.5. If 6.5.3 to conclude that the SL2(M)-action on the 



tensor product L'^{L\S)^ is tempered. Therefore, the S-action on L^(L\S') 
has a spectral gap. □ 

6.6. Property r and its corollaries. 

6.7. Proposition. Let S be an absolutely almost simple, simply connected 
group over a number field F. Let v be a place of F. There is an integer 
Qs{Fv)j which depends only on the isomorphism class ofS{Fy), so that the 
representation S{Fy) on Lq{S{F)\S{Ap)) is g^^J^ -tempered. 

In fact, the integer q may be taken to depend only on dim(S), but we 
do not need this. We say "^^-tempered" , rather than "^-tempered" , to 
absorb some annoying factors of e at later stages in our proof (examples of 



such factors can be seen in (6.4)). 

Explicit (and rather "good" ) values for q could be derived from the work of 
H. Oh and Gorodnik-Maucourant-Oh: [47^ and [25, Cor 3.26]; these results 
give explicit (and "good") rates of decay for matrix coefficients. Indeed, in 
the nonarchimedean case when the rank is > 2, |17j is apparently the only 
place in the literature where the existence of q is established. 

Proof. We confine ourself to the case of v archimedean, which is the only 
case we use in the present paper (cf. remarks above). 

This follows from the solution to property r which was completed by L. 
Clozel [6]; this solution uses a variety of ingredients: the trace formula, prior 
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ideas of Burger and Sarnak [5] , the ideas of Kazhdan on property T, and 
work of A. Selberg for groups of type Ai. 

However, it does not follow from the main statement of [B], but rather 
from the proof. Indeed, the statements of p] a priori depend on the F-iovm 
G, and not just the group G; however, the proofs give stronger statements. 

If the real rank S(F^) exceeds 1, the assertion is proved explicitly in 
Theorem 2.4]. If the real rank of S := S{F^) equals 1, it is proven in [6] that 
there exists a homomorphism H ^ S, where H is a real Lie group locally 
isomorphic to SU(n, 1), some n > 1, with the property that the pull-back 
of Lq{S{F)\S{Ap)) is isolated from the identity as an //-representation. 
Moreover, this notion of "isolated" is absolute, i.e. independent of S. 

However, there exist only finitely many conjugacy classes of homomor- 



phisms (of real Lie groups) from SU(n, 1) to S; see Lemma A. 1.1 It follows 
from that statement (cf. (6.1)) that the S-action on Lq has a spectral gap 
depending only the isomorphism class of the real Lie group S, and therefore 
there exists an integer qs as asserted. 

□ 



6.7.1. Lemma. Notation being as in i 1.1, let H C S C G; let xS be a closed 



connected orbit of S on T\G. Let v be the S-invariant probability measure 
on xS. 

There exists pc > 1, which can be taken to depend only on dimG, so that 
-Lq(z/) is pj^_i -tempered as an S -representation. 

Note that this means that Lq{v) is uniformly isolated (as one varies 
the closed orbit xS) from the identity as an S'-representation or as an H- 
representation. 



Proof. Replace S by xS^x~^ and TxS by TxS^x~^. It is easy to see that it 
suffices to prove the statement in this setting. 

By the Borel-Wang density theorem, |37| Chapter II, Corollary 4.4] there 
exists a semisimple connected Q-group S so that is a finite index subgroup 
of S(M). (Take the Zariski closure of Ln 5). 

Set Ls = r n S(M). It is a congruence subgroup of S(Q). It suffices 
to verify that the representation of S(M) on LQ(r5\S(M))®™ is tempered. 
(Here Lq denotes orthogonal complement of locally constant functions.) 

being a congruence subgroup, it is enough to check that the repre- 
sentation of S(M) on Lq(S(Q)\S(A))®™ is tempered. In this context, we 
understand Lq as meaning the orthogonal complement of S(M)'^-invariant 
functions. 

There exists number fields Ki, and absolutely almost simple, simply con- 
nected groups Si over Ki, together with an isogeny ip : J|*L]^ Res^./Q,Sj —>■ 
S. It is then enough to verify that the representation of Si{Ki M) on 
LQ{Si(Ki)\Si{AKi))'^"^ is tempered. Indeed, this guarantees that the repre- 
sentation of the identity component of Hi <8) M) on Lg(S(Q)\S(A))®™ 
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is tempered. But the former group is a finite covering of the identity com- 



ponent of S(M). We apply Proposition 6.7 to conclude, taking for pc the 



maximum of all the integers q^m] associated to possible Ss. □ 



6.8. Proof of Proposition 6.1 Recall that for a subgroup S of G we 
denote the normalizer of the Lie algebra of S by S. 

It suffices to show that the action of S on the orthogonal complement to 
constant functions in L?'{Sx\S) has a spectral gap; or, that the action of S 
on the same space has a spectral gap. Set L to be the Zariski closure of Sx 
inside G; then let L = L(M ) C S . If L = S", the /S-orbit of G r\G is closed, 
and we apply Proposition 6.7.1 Otherwise L satisfies dim L < dim 



The representation L'^(Sx\S) may be regarded as the induction from L to 
5, of L?'{Sx\L). Now, if Gi C G2 are locally compact groups, V a unitary 
representation of Gi, and v a probability measure on G2, then the operator 
norm of convolution with v on Ind^^F is bounded by the corresponding 
norm on L^(Gi\G2). In particul ar, if L ^(Gi\G2) has a spectral gap, so also 

to conclude. □ 



does Ind^^y. We invoke Lemma 



6.5.4 



7. Effective generation of Lie algebras. 

Given a subset T = {ti, . . . } of a Lie algebra g, recall that we denote by 
T^^^ the set of all possible iterated Lie brackets of the tjS of depth < k. In 
this section, we shall prove the following ("Proposition E"): 

7.1. Proposition. There exists an integer k and some c > depending only 
on g with the following property. For any orthonormal subset T = {ti, . . . } 
of Q, and < 5 < 1 there exists a suhalgehra to <Z q with orthonormal basis 
wi,'W2, ■ ■ ■ satisfying: 

(1) For each Wi, there exists a linear combination w'^ = ^^^^-{fc) ctt, with 
Q G M satisfying |q| < , so that \\wi — w'^W <^ 6'^. 

(2) Each t £ T is within 5 of (i.e. minw^xv Ww — t\\ < 5). 

If the linear span (T) ofT contains a subalgebra \), then there exists k and c 
depending on the pair so that (1) and (2) hold and, in addition, \) dVo. 

Let us discuss the motivation for this. Given elements ei,...,er G 5, 
one can speak of the "subalgebra Vo spanned by g" , but this notion is not 
robust under perturbation: this subalgebra might drop drastically under a 
small modification of the Cj. This is related to the fact that the might 
span Xo very inefficiently. In explicit terms, there may exist w G tr of 
small norm, which cannot be written as a linear combination of Lie brackets 



of the BjS with small coefficients. Proposition 7.1 constructs an effective 



replacement: We construct a subalgebra Vo which "almost" contains T and 



01 

Note that the group L conjugated by an element of G representing x is defined over 
Q and is Q-anisotropic since its integer points are Zariski-dense. In particular, its real 
points are unimodular. 
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SO that elements of T*^^-*, for suitable smalQfe, "almost span tr in an efficient 
fashion." 



The proof, given in { 7.4 will require some setup on Euclidean spaces (^7.2 



and a recollection of the Lojasiewicz inequality (^7.3[). 



7.2. Suppose y is a Euclidean vector space. We shall say that two subspaces 
Ui,U2 C V are e-close if there are orthonormal bases ui, . . . ,Ur and vi, . . . ,Vr 
for Ui, U2 so that \\ui — Vi\\ < e. We say that Ui is e-almost contained in U2 
if there exists U2 C U2 so that [/ ~ C/2 . 

Suppose that there exists an orthonormal basis ui, . . . , of C/i so that 
dist(iij, U2) < e. Then there exists a constant Cy, depending only on dim^, 
so that Ui is Cye-almost contained in U2- 

Suppose V, W are two Euclidean vector spaces and f : V ^ W a lin- 
ear map between them. We recall the singular value decomposition: let 
wi, . . . , Wn be an orthonormal basis of W consisting of eigenvectors of //* 
with decreasing eigenvalues where :W ^ V denotes the transpose map. 
Then the eigenvalues {f f^Wi,Wi) = \\f^Wi\\'^ are nonnegative, and we de- 
fine Vi = ii^f-^ II f^Wi whenever this is defined, say for i < k, and extend 
it to an orthonormal basis of V. With this choice we have {fvi,Wi) = 
11/4,11 Uf^'^iiWi) = WfwiW = WfviW = ai ioi i < k and fvi = otherwise. 

Therefore, there are orthonormal bases vi, ^2, . . . , for V respectively 
tDi, W2, . . . ,Wn for W so that f{vi) = UiWi for some ai > 0; here, by defini- 
tion, ttJj = for i > n. Let W[S\ be the space spanned by those Wi, i < k, 
for which |crj| > 5. 

Then, for any v £ V: 

(7.1) the element f{v) is within S\\v\\ of 

To see this, let v = Y^- Uvi and write f{v) = X]i;|f7,;|><5 ^iti'^i+Yli:\a,\<s '^iti'^i- 
Then the second sum has norm < 5\\v\\, as claimed. 

We will be using this construction for various choices of the function / 
and the domain V to obtain various subspaces of = g, and the following 
remark will help to compare their dimension. Let 14 C be a subspace, 
then 

(7.2) ||/(?;)|| > 5\\v\\ for ah v eVi implies dimVF[(5] > dim Fi. 

Suppose, to the contrary, that dimTy[(^] < dimFi. Then there would exist 
V &Vi perpendicular to all the Vi with \ai\ > 6. This gives a contradiction 



to (7.1) since f{v) is perpendicular to W[6] and has length ||/(f)|| > S\\v\ 



by assumption. 

7.3. Lojasiewicz inequality. The Lojasiewicz inequality states that, for 
U C M" open, K C U a compact set, and f : U ^ M a real analytic function 
with zero-set Zj, there exist constants ci,C2 > so that: 

(7.3) \f{x)\ > cidist(x,Z/)'=2,x G K 

"^^Here the word 'small' refers to the fact that it only depends on g. 
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Here dist refers to the Euclidean distance on M". For this, see j35( Theorem 
4.1]. 

7.4. Proof of Prop. |7.l[ We define the map fm '■ M"^'™' ^ by sending 
ivt)i^j'{m) to X]teT('") ^t*- Considering M"^^™' as an Euclidean space in the 
usual way, we obtain the subspace Tymif^] C = g by the above construc- 
tion. 

From the definition it follows that the spaces VFm[5] increase when 5 
decreases and m is held fixed. Moreover, their dimensions increase when m 



increases and 5 is held fixed, which follows from (7.2). Finally, as follows 



from (7.1): if rrii < m2, then there is an orthonormal basis for ^^^[5], all 
of whose elements are within eS~^ of Wm2H) i-e- ^mJiS] is <C e5~^-almost 
contained in VFm2[e]- In particular, every t £ T is within e of for each 

m > 1. 

We claim there is a constant k depending only on dim(G), so that, for 
any S £ (0, 1), we may find 6i G [6'^, 6] and m < k so that 

dim Wm[5i] = dim W2m[Sf] 

In fact, this follows from the above remarks: set initially 6i = 5 and m = 1, 
and consider the dimensions dim Wmii^i] < dim VF2m['^i]- If equality holds, 
we are done. Otherwise set 5'i = 6f and m' = 2m. This way we have 
increased the dimension of Wm,'[(5i]. Since this can only happen dim(G) 
often if we repeat the process, the claim follows. 



Applying (7.1) once more we get that W := has an orthonormal 

basis wi, . . . .,Wr so that [wi, Wj] is at distance <C eJf^ from VF2m[e] for any 
e > 0. In particular, [wi,Wj\ is at distance <C 5 from W. 

It follows that there exists a Lie subalgebra tr C g satisfying ro ~ W, 
where c depends only on g. To see this set r = dimVF. Consider the 
open subset U C consisting of vectors {Xi, . . . , Xr) which are linearly 
independent. The inner product on g induces one on all exterior powers. 
The real-analytic function 

(7.4) ^ ^ A---AXrA[Xi, X,]f 

vanishes precisely when the span {Xi, . . . ,Xr) is a subalgebra. Clearly our 



assumptions imply that \F{wi, . . . ,Wr)\ ^ (5^; applying (7.3) to a suitable 
compact inside U yields the result. 

For the final assertion, we apply the Lojasiewicz inequality to a slightly 
different variety. In that case the subspace W has the following additional 
property: f) is ^ (5-almost contained in W. This means that W almost 
belongs to the closed subvariety of the Grassmannian defined by subspaces 



tr C g which are Lie subalgebras and which contain f). Invoking (7.3) for a 



suitably modified version of ( 7.4 ) concludes the proof. □ 
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8. Almost invariance of measures. 

We begin with some reminders to the reader about our notations. These 
points were discussed in ^ but they are particularly pertinent here. Firstly, 
we always assume that any Sobolev norm Sd we use satisfies d > | K5I + 1, 
i.e., involves enough derivatives that ( 3.13| ) is valid. Secondly, if X E g, the 



notions of "almost invariant under exp(X)" and "almost invariant under 
X" do not coincide; the latter is stronger, as it entails almost invariance 
under exp(tX), < t <2. Finally, implicit constants in the notation <^ are 
permitted to depend on d, if a Sobolev norm is implicitly present. 

The primary purpose of this section is to prove the following ( "Proposition 
D" of @. 

8.1. Proposition. Fix a Sobolev norm S^; all notions of almost invariance 
are taken with respect to this. Suppose that jx is e-almost invariant under a 
subgroup S, and also under Z G exp(r), where \\Z\\ = 1. 



Then there is a constant K13 so that fi is also ci{d)^^^ almost invariant 
under some subgroup S^: with dim(S'*) > dim(S'). If H C S, we may also 
assume that H C Sif. 

The proof could be much simplified, in our present setting, by using the 
assumption that there are finitely many intermediate subgroups between H 
and G. However, we shall make use of our (quite general) results from ^ 
on effective generation of Lie algebras. 

8.2. Stability properties of almost invariance. The notion of "/i is 
almost invariant under Z," for Z € 0, is almost stable under linear combi- 
nations, under commutators, and under passing from Z to a nearby element 
Z': 

8.2.1. Lemma, let k > 1,0 < 5 < 1. Let T C g consist of unit vectors, i.e. 
\\X\\ = 1 for X £ T. Let Z £ q be a unit vector so that \\Z—Y^^^rp^k) ctt\\ < 5. 

If fi is e-almost invariant under every X £ T w.r.t. Sd, it is also <^ 
^gK2i(A;) _|_ ^yaluiost invariant under Z w.r.t. Sd. 

Proof. The proof is a tedious elaboration of more or less obvious properties. 
Let us observe 

• If /X is e-almost invariant under Z £ q with \\Z\\ < 1, and W £ q 
satisfies \\W — Z\\ < 5, then /i is <C max(e, (5)-almost invariant under 
W. 



This is an easy consequence of (3.13), (3.11) and the fact that exp(tZ) and 



exp{tW) are at distance <C S from each other, for t £ [0, 2]. Next, 

• If is e-almost invariant under exp(Z) £ g, and 1 < c < 2||Z||~^, 
then /i is ^ (ce -|- ||Z||)-almost invariant under cZ. 

Indeed, it is evident that is <C ne-almost invariant under exp(nZ), when 
n is integral and satisfies n < 10||Z||~^. This implies the stated conclusion. 
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• If /i is e-almost invariant under Z £ q, and 1 < c < \\Z\\ , then /j, 
is <C ce-almost invariant under cZ. 

This follows in a similar fashion to the previous statement. 

• Suppose is e-almost invariant under Zi,Z2 S g with \\Zi\\ < 1. 
Take ai,Q2 so that \ai\ < 1 for i = 1,2. Then ^ is <C e-^/^-almost 
invariant under Z := a\Z\ +02-^2- 

We observe that, for n > 1 integral, 

expfoiZi/n) exp(a2^2/"-) = exp( — ) expfl^/'i), 

n 

where ||Wi|| <C As a consequence, it follows that /i is <C (n~^ + e)- 

almost invariant under exp(^). It follows by a prior assertion that \i is 
^ (n~^ + ne)-almost invariant under Z. Take n = e~^/^ to conclude. 

• Suppose /U is e-almost invariant under Z\,Zi with ||Zj|| < 1. Then 
/i is ^ e^/^-almost invariant under \Z\, Z2\. 

Indeed, 

exp(Zi/n) exp(Z2/n) exp(Zi/n)~"^ exp(Z2/n)~"^ = 

exp([Zi,Z2]/n2)exp(VF2), 

where IIW2II . In view of that, is ^ (e -|- n~^)-almost invariant 

under exp{[Zi, Z2]/n). (Observe that our choice of the norm on q is so 
that II [^1, ^2)11 < !•) By a previously noted fact, // is <C (ne -|- n~^)-almost 
invariant under [Zi, Z2]. Take n = e~^/^ to conclude. 

These remarks in hand, the assertion of the Lemma now follows easily. 
Regard k as fixed. We first note that is e'^'-'^-'-almost invariant under each 
t G rw. (Ob serve also that ||i|| < 1 for every such t). From this, we deduce 
that /u is also e'^'^'^-'-almost invariant under C^^'^^ctt where C = Yltl'^tl- 
Thus /i is <C (CJ^2ll'^) -|- 5)-almost invariant under Z, as required. □ 

8.2.2. Lemma. There is a constant K22 so that: 

Let Q = be the connected component of any intermediate subgroup 
H d S <Z G; let n be e-almost invariant under Q w.r.t. S^- Then 

\i^'if)-Kf)\ «e|kll'*^d(/). 

Proof. Because there are only finitely many possibilities for Q, it suffices to 
prove it for each possible Q individually. (This marks a point where we make 
usage of Cg(f)) = {0}). We claim that there are constants ci,C2 depending 
only on Q so that, for every r > 2: 

(8.1) Every q £ Q with \\q\\ < r may be expressed as the product 

of < ci -|- C2logr elements with ||g|| < 2 

This follows from the structure theory of semisimple groups: Q is the con- 
nected component of the real points of a semisimple algebraic group. So 
there exists a compact subgroup Kq C Q and a Cartan subalgebra ag C q 
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SO that Q = Kq exp(aQ)i^Q. We are reduced to verifying (8.1 ) for elements 
of exp(aQ), which is elementary. 

Let q £ Q. By (8.1) there exist qi, ■ ■ ■ ,qn £ Q with q = qi • • • qn, \\qi\\ < 2 
and n < ci + C2 log ||g||. Let qj = qj+i • • • for all j = 1, . . . , n — 1, g„ = 1. 
We have 



(8.2) 



«, 6(1 + log \\q\\)Sd{f){2Nj^' « eWqW^dif)- 



by our assumption, (3.11), and (3.3). As in (^3.3| the integer gives the 



dimension of the general linear group (with respect to which we defined 

IklD- □ 



8.3. Proof of Proposition |8.H , It should be noted that this proof could 
be very considerably simplified by using the fact that there are finitely many 
intermediate subalgebras between h and g. However, the proof we indicate 
will work in a more general setupj^ 

We observe we are free to assume that e is sufficiently small, i.e. e < 
eo(G, -ff), in the statement of the Proposition. If not, the statement is 
obvious. 

Assumptions as in the statement of the Proposition |8.1| Define T to be a 
finite subset of g obtained by adjoining Z to an arbitrary, orthonormal basis 
for 5. Let k,c be as in Proposition 7.1 
form indicated in its last sentence, with 6 
a subalgebra ttJ D f), with basis Wi. 



We apply Proposition |7.1| in the 
= e", where a = It produces 



By part (2) of Proposition 7.1 T is "almost contained in to," this implies, 
in particular, that dim(tt)) > dim(s) so long as e is sufficiently small. 



By part (1) of Proposition [73] and Lemma 8.2.1, /x is ^ e'^'^-almost invari- 
ant under each Wi. From this, one deduces easily that is also e*-almost 
invariant under W, the connected Lie group with Lie algebra tr. By our 
construction, W D H and dim(l^) > dim(5). □ 



9. Effective ergodic theorem. 

In this section, we establish an effective version of the Birkhoff ergodic 
theorem, i.e. we prove "Proposition A" from Q Prior to doing so, we give 
a precise quantification of the notion of "generic" we shall need. 

Throughout, /j, will denote an //-invariant //-ergodic measure on X = 
T\G, so that Lq{^) is pj^_i tempered as an //-representation. This applies, 
in particular, to the measures of central interest in this paper: /x as in the 

on 

More precisely, the proof written establishes that, under the assumptions of the 
Proposition |8.1| the measure p is almost invariant under an intermediate Lie subalgebra 
f) C q C g. This statement makes no use of the finiteness of intermediate subgroups. 
However, in passing from the Lie algebra q to the group, we invoke Lemma |8.2.2[ which 
does use the finiteness assumption. 
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statement of Theorem 1.3 or also to the S'-invariant probability measures 
on connected closed S'-orbits, for H C S C G. These comments, and the 



definition of pc follow from Lemma 6.7.1, together with the fact that the 
restriction of a tempered 5-representation to H remains tempered. 

9.1. Generic poi nts. L et T > 1. Let M = 20(1 + pa), where pc was 

We define Dxif) as the discrepancy between a 



6.7.1 



defined in Lemma 
horocycle average of / over a big stretch of the orbit and its integral: 

1 /■(T+l)« f 

(9.1) Drimx) := ^j.^^^M_TM y^,, f{xuit))dt- J fdfi. 

Clearly, Dt depends on the choice of the unipotent subgroup. Since we 
regard it as fixed, we suppress that dependence. 

We say a point x £ X is To-generic w.r.t. the Sobolev norm S if, for all 
integers n >To and all / G C°°{X) we have the bound 

(9.2) \D„if)ix)\<n-'Sif). 



We say a point x £ X is [To,Ti]-generic w.r.t. S if the bound (9.2 ) holds for 
all integers n £ [Tq,Ti]. 

9.2. Proposition. For d > do, where do depends only on G, H, the measure 
of points that are not To-generic w.r.t. Sdg is <C T^^. 

Proof. First, consider a fixed / G L^(X) which is in the completion of 
C^{X) with respect to Sd (for a d specified below). The decay of matrix 



coefficients (cf. j ]6.3[ esp. (6.4), (6.9) and) implies that: 

«(i + itri/p«5di^H(/)'. 



Ht)fJ) 



/d/i 



Let □ denote the square [T'^^ , (T + 1)^^]^ c M?. By definition of L>t(/), 

f^{u{t)f,u{^)f)dtds ff^,'' 

Split □ into the sets where |s — t| < T^ , and where |s — t| > T^ . Thus: 



\DT{frd,«^,iT^^-^^f +t'''-'-^^ 



X 



'^o)Sdi^H{fy 



« T-^Sd,^Hiff 



In the last equality, we have used the fact that M > 10 + Wpa- 
Therefore, 

(9.3) ^l{{x : \DT{f){x)\ > s}) « s-^T-^S^imHiff 

for any s > 0. 



94 

In practice, it needs just to be a sufficiently large fixed number in our arguments; we 
have used the notation M to avoid distracting the reader with its specific value, which is 
irrelevant. 
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To obtain the lemma for all functions / G C^{X) we begin by choosing 
d> d! > AmiH so that the relative traces Tr(5^,|5|) and Ti{S'^^^^u\S'^,) are 



both finite, cf. (3.10) and ^5.2 



Next, choose an orthonormal basis 6*^"*^^ . . . , e^**^, . . . for the completion of 
C'^{X) with respect to the Hermitian norm Sd- By the spectral theorem, 
we may choose such a basis which is also orthogonal w.r.t. S^i- Note that 

'5'"(e(^)) ) ^ °^ 

by our assumption on the relative trace. We understand the summand as 
zero when ^^'(e^*)) = 5dim_H"(e^*^) = 0. 

Let c > be a constant, which we will specify below in a way depending 
only on X. Then, by applying (9.3) with s = cn~^Sii'{e^^^) and T = n for 



each n > To and for each A; > 1 we have: 

/if U {x: n|Z)„(e('=))(x)| > c5d,(eW)} ) « T^'c-^ « 

\n>ro,fc>l / 

Let E be the set indicated on the left-hand side. We claim that any x ^ E 
is generic w.r.t. Sd (once c has been chosen correctly). 

Take f = Y.k fk^^^^ ^ C^i^)- We have for any n > Tq, and any x^E, 

n\Dn{f){x)\<cY,\fk\Sd'{e^^^) < 

k 



by linearity of Dn{-) and the finiteness of the relative trace (3.10). Choosing 
c equal to the inverse of the last square root, we have shown |D„(/)(x)| < 
n~^Sd{f) for n >Tq and x ^ E as required. □ 
We require also an adaptation of this Proposition to the setting when one 
works with a measure fi that is almost invariant ( "Proposition A" ) . We refer 



to ^4.3 for a discussion of its meaning in qualitative terms. 



9.3. Proposition. Let H C S C G, S connected. Suppose that /x is e-almost 
invariant under S w.r.t. Sd, for d > | 1. Then there exists (3 G (0, 1/2), 
d' > d, depending only on G, H , and d, so that: 

Whenever R < and Tq > 0, the fraction of points (x, s) £ X x Bs{R) 
w.r.t. /U resp. the Haar measure on S for which x.s is not [Tq, e~^]-generic 
w.r.t. Sd' is <^d Tq^. 



Proof. Let B := Bs{R). As in the proof of Proposition 9.2 we will first 
estimate 

1 



vol(fi) 



\DT{f){xstdfids. 



XxB 
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This equals 

— ^ / / \DT{f)\'d^^^{x)ds«eR^,{\DT{f)\' 
vol{B) Jb Jx Jx 

where denotes the translated measure; we have used the definition of 



+ 



\DT{f)\''d^x 



\s\\ < R, and Lemma 8.2.2 



almost invariant from ^3.10 the fact that Bs{R) consists of elements with 



As in the proof of Proposition 9.2 the latter term is bounded, up to a 
constant depending only on G and H by 

On the other hand, there exists a constant k so that the first term is, by 



(3.11) and (3.12) 



We take /3 = ^(4 4 ] ^22! ^ + ^d) ^. This choice is made so that 

whenever T < e~^, R < e^^. 

Therefore, if d > dim{H),T <e-^,R< e"^. 

Reasoning as in the second part of the proof of Proposition |9.2[ and increas- 
ing d, yields the conclusion for all / G C'^{X). □ 

10. Nearby generic points effectively give additional 

in variance. 

In this section, we shall use the polynomial properties of unipotent flows 
and the effective ergodic theorem to establish "Proposition B." 

Henceforth, r will denote an S'-invariant complement to the Lie algebra 
of S, inside g. It exists because S is semisimple. We recall we have fixed a 



unipotent one-parameter subgroup u(t) C see (3.1). 



There exists some K23 > with the following property: whenever v,w & x 

II, lltf^ll ^^23 

exp(f ) exp(?i')~^ = eyi\>{w*)s,w* €x^s ^ S. 



\\w*\\ 



(10.1) 

where d{s^l) < \\v — w\\ and 
{w*,s) is differentiable; also ^ 
map (f , w) ^ {v — w, 0). The assertion follows. 



G [1/2,2]. Indeed, the map {v,w) 1-^ 
(0, e) and the derivative at (0, 0) is the 



10.1. Unipotent trajectories of nearby points. The discussion that fol- 
lows may be regarded as an effective form of the "equicontinuity" statements 



from ^2.5 



Let a;i,a;2 S X so that X2 = 2;iexp(r), some r e r. Note that X2u{t) = 
xiu{t) exp{Ad{u(—t))r). We decompose r = vq + ri according to (3.2). 

Then Ad(M(— t))ro = tq for all t, whereas 1 1— > Ad{u{—t))ri is a polynomial 
of degree < dim(g) and all of whose coefficients (w.r.t. an orthonormal basis 
for g) are <C ||ri ||. 
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Suppose ri 7^ 0. Then there exists a positive real time T satisfying 
||r||~* < T < ll^ill^*, and a polynomial g : M ^ r of degree < dim(g) with 
image centralized by ii(M) satisfying q{0) = and max^g[Q_2] =[^^23] 
so that: 

(10.2) 



Ad{u{-t)).r = q{t/T) + 0(||ri||*) for all t < 3T. 



Here, and in the following, the implicit constant in the 0(-)-notation is 
understood in the same sense as in the <C-notation. 

If ri = 0, the same statement remains true, except one sets "T = cxd" and 
ignores the statement about max||g(s)||; the polynomial q is in this case 
constant. 

This statement will be used to give an effective version ( "Proposition B" ) 

of 

10.2. Proposition. Let d > | K5I + 1. There exists constants K7 > and 
[^g] > | K9I > so that: 

Suppose /ii,^2 are H -invariant measures, that xi,X2 € X satisfy X2 = 
xi exp(r) for some nonzero r G r, and that Xi is [\\r\\~^^, \\ri\\~^^- generic 
w.r.t. yUj and a Soholev norm Sd (for i = 1,2). Then there is a polynomial 
(7 : M ^ r of degree < dim(g), so that: 



(10.3) 



expg(s) 



(/) - /^i(/)| «d ||ri|FlS,(/), 1 < s < 2V*^ 



If ri 7^ 0, then maXsg[o^2] lk(s)|| =[^23} Moreover, if jii = /i2 is e-almost 
invariant under S, then fii is <Cd max(e, \\r\J^^/'^ -almost invariant under 
some Z £ X with \\Z\\ = 1. 

Proof. We let T be as in the discussion before the proposition. The definition 
of generic (^9.1) assures us (assuming that Kg is sufficiently small and Kg is 
sufficiently large) for any integer 



n G [rVA^,(2T)^/*^] C [||r 
and for any / € C^{X), we have 

f(n+l)^^ 



I "ED 



In 



|-Eij 



fdnj 



1 



(n+1) 



M 



n 



M 



f{xju{t))dt 



< n-^Sdif), 



for j = 1,2. 

For t,to G [n^, (n + 1)^^], we have, using ( |3.13D and ( |10.2[ ) 

f{x2u{t)) = f{xMt)eMQit/T))) + 0{\\r,\\*Sdif)) 

= /(xiu(t)expg(to/T)) + 0(T-i/^^5d(/)) + 0(||rir5d(/)). 

Here we used in the last line that \t - to\ <C n^^"^ x j-i-i/M ^^^^ ^ 
(n+1)*^] — which shows that the polynomial q{t/T) has small variation 



n 



M 



within that interval. 
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Thus, 
(10.4) 



M2(/) = /xi(expg(to/r)./) + O ( {T-^'^' + \\nr)SdU) 



which imphes (10.3). 



Let us observe that if ri = 0, then the polynomial q is constant, say 
q = go, and we have /i2(/) = /ii(exp(go)/) (exactly). 

Assume in the remainder of the proof that fii = fi2- The prior remark 
shows that, if ri = 0, //is indeed ||r||-almost invariant under Z = \\r\\~^r by 
(3.13); this establishes the final assertion in the case when ri = 0. 

Assume, thus, that ri ^ 0. In this case g(0) = r and maXsg[o^2] lk('5)|| = 
K23 so that the coefficients of g'(s) are ^ 1. By (10.3), fii is <^ ||r|p3-almost 
invariant under exp(g(s)) for any s E [1,2^/*^]. 

Put E = max(e, ||r|p3)i/2_ ^i^gj-g g^jg^g g ^ [1^2'^/'^^ with s+E G [1, 2^/^^ 
for which \\q{s) — g(s + -E)]] 3> -E. (Rather, we may assume this is so; if E 
is so large that this is false for a trivial reason, then the final statement of 
the Proposition correspondingly becomes trivial). 

With s being so chosen, is <C ||r|p3-almost invariant under exp(g(s)), 
exp{q{s + E), and so also under exp{ — q{s)) exp{q{s + E)). Put v = q{s),'w = 
q{s + E) — V. Then, by (10.1), exp(— t;) exp(t; + w) = exp{w*)s where 
w* £ r, \\'w*\\ X E, and s G S satisfies d{s,e) <C E. 

This claim proves the proposition: Since fii is assumed to be e-almost 
invariant under S, we get that fi is <^ max(e, ||r|p3) = E'^-invariant under 
eyop{w*). Since w G t with x we can iterate this statement E~^- 

many times; using (3.13), we deduce that fi is <C E'-almost invariant under 



Z 



WWW 



w 



See the proof of Lemma 



details of this type of iteration. 



8.2.1 



(esp. second buUeted point) for 



□ 



10.3. Quantitative isolation of closed orbits. From this argument we 
may draw the following useful corollary regarding the isolation of closed 
orbits for semisimple groups. It gives a quantitative estimate on the spacing 
between two distinct, closed S'-orbits, as well on how closely such an orbit 
can approach itself. 

The idea of proof is simple. Suppose given two very nearby points xi , X2 so 
that xiS, X2S are both closed and are distinct. By modifying xi, X2 slightly. 



we may assume that we are in the situation of Proposition |10.2 with the 



S'-invariant probability measure on XiS. The conclusion of Proposition 10.2 
then implies that X2S contains, loosely speaking, "many different translates 
of xiS along the direction q{s)." Thus, the volume of X25' was necessarily 
large. 



10.3.1. Lemma. There are constants kiq and kh with the following property. 



Suppose H C S C G. Let xi,X2 G X be so that XiS are closed orbits with 
volume < V. Then either: 
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(1) xi and X2 are on the local S -orbit, i.e. there exists some s G S with 
d{s, 1) <J 1 o,nd X2 = xis, or 

(2) d{xi,X2) > min(ht(xi),ht(a;2))"Eiall/"Eli]. 

The proof will use a simple argument, which we will also use elsewhere. 



Recalling the definition of ri from (3.2), there exists > so that, for any 
ret, 

(10.5) _ 

vol({s G S : d{s,l) < 1}) 



||(Ad(.-i)r) 



< 



< 



vol|s : d(s, 1) < 1 with 

Indeed, given r' £ r, there exists e(r') > so that the measure of |s : 

d{s, 1) < 1 with "^'^''iPIi^'''^'" < e} is less than ^ vol({s G S : d{s, 1) < 1}). 

This is so, since for the function s i-^ (Ad(s~^)r')i is real-analytic and not 
identically zero; if it were 0, then r' is centralized by every conjugate of 
{u{t)}, and so also by the Lie algebra of S, a contradiction. By a com- 
pactness argument, one may choose e = | ^g] uniform over r' G g, establishing 



Proof. Throughout, we fix a Sobolev norm Sd, where d is sufficiently large 
(depending only on G, H)^^ 

We may suppose (adjusting xi or X2 by an element of S) that xi = 
X2exp(r), with r G r, and will establish a lower bound on ||r||. 

Let fit be the 5-invariant probability measure on XiS. In view of Propo- 
sition 19. 21 the measure of 



{s G 5 : d(s, 1) < 1 and XiS fails to be y^-generic w.r.t. /Xj}, 

with respect to the volume measure on 5, is <C for i G {1,2}. We may 
suppose that V is sufficiently large, so that this measure, as a fraction of 
the volume of {s G 5 : d{s, 1) < 1}, is at most ^. 
We claim there exists s £ S, with d(s, 1) < 1 with: 

(10.6) XiS are y^-generic w.r.t. fii and ||(Ad(s~"'^)r)i|| > lq |Ad(s~"'^)r||. 



Indeed, let T C {s G S" : d(s, 1) < 1} consist of those s for which XiS is 
[y^, oo)-generic w.r.t. fii. By (10.5), T must contain an element s satisfying 

( fToel ). 



Replace Xi by XjS and r by Ad(s~^)r, where s is so that (10.6) is satisfied. 
This has the effect of increasing ||r|| by, at most, a constant factor depending 
only on G, H. Thereby, we may assume that Xj are both F^-generic and that 

Ikill ^ Ikll- 

Let r/ > be smaller than the injectivity radius [i4|it(x)~Ei] of (3.7) 
(specified below). Let / be a smooth bump function on G supported in 
{g : d{g, 1) < r]} with < / < 1 which is one in a neighborhood of radius 
^ rj and whose partial derivatives up to order d are everywhere <C r]~'^. 
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Precisely, d > max(do ^5 + 1), do as in Lemma 9.2 
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Let fxi be the function defined by xig i-^ f{g) when d{g, 1) < r], and zero 
outside that balL 

Then, evidently, f fx^ d/Ui S> V~^7]'^^^''^ . On the other hand, the defini- 
tions of the Sobolev norm imply that 

(10.7) 5d(/,J « ht(xi) V"- 



Without loss of generality, ||r|| < V ^^Hsi We apply Proposition 



10.2 



Therefore, Proposition 10.2 assures us that, so long as 

(10.8) ht(xi)V'^lklF< cF-\'^'""(^) 

(for some c obtained from the above implicit constants), then, 

(10.9) I /,f)dM2>0forsG(l,2V^^). 



In words, (10.9) asserts that the orbit X2S passes very close to xiS, 
many times. More precisely, given si,S2 so that r] <C d{q{si)~^ , q{s2)~^) ^ 
ht(x)~l^ the functions fx[^^^ and fx[^^^ have distinct support. Moreover, 
X2S must intersect both of their supports. Thereby, we obtain from si,S2, 
two distinct discs of radius x ht(x)~l^on X2S. 

Using not just si, S2 but many such SjS, we conclude that: 

(10.10) Yol{x2S) > ht(xi)-H<^'"^^+i)r/-\ 

Take rj so that the right hand side is (including the implicit constant) 



equal to 2V. Then (10.8) cannot hold, for vol(a;2'S') < This bounds ||r| 



from below by an expression of the form ht(a;i) *V * as required. □ 



11. The MEASURE OF POINTS NEAR PERIODIC ORBITS IS SMALL. 



Let be as in Theorem 1.3 Using the polynomial properties of unipotent 



flows, together with the quantitative isolation of periodic orbits established 



in Lemma 10.3.1 we will be able to establish that the total /x-measure of 
the set of points near periodic 5'-orbits of bounded volume remains rather 
small. 



The proof proceeds as follows. By Lemma 10.3.1 , we can restrict attention 
to a single periodic S-orbit. We then divide X into a piece near the cusp, 
and its complement. The measure of the piece near the cusp is handled by 
Lemma |3.6.1[ the complement is handled using a linearization of the flow 
near the periodic 5'-orbit. 

11.1. Proposition. Let S D H. There exists some Vq depending on T, G, 



and H and some K12 > with the following property. Let V > Vq and 
suppose fi(Y) = ifY is any closed S-orbit of volume < V. Then: 



[11-1) lJ-{{x G X : there exists 



I V 

X ~ 



X with vol{x'S) < V}) < 1/2 
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Proof. This is a quantitative form of polynomial nondivergence. More pre- 



^1.7.1) 



cisely, we use Lemma 10.3.1 together with the "linearization" technique (see 



Let r be a s in §10[ Let xqS be any closed S'-orbit. In view of Lemma 10.3.1 
and Lemma 3.6.1 (1), the number of such orbits with volume <V is bounded 
by a polynomial function of V. 

We show that for any closed orbit xqS of volume < V: 



(11.2) 



n{{xoS n e{R)) exp{r G t : ||r|| < 6}) < V*R*6* 



We shall only sketch the argument for (11.2 ), for it is by now quite standard. 
The deduction of ( |11.1[ ) is then straightforward: take R = V, 6 the reciprocal 



of a large power of V, and apply Lemma 3.6.1 

Let = {r e t : \\r\\ < 6}. For 6o = R^*V'*, the map 

{xoSne{R)) x^s,,^ X, (y,r) ^ yexp(r) 

is a diffeomorphism onto an open neighbourhood A/^^ of xqS H &{R), as 



follows from the implicit function theorem, Lemma 10.3.1 and (3.7|). 
Let vr : — > be the natural projection. For 5 < 5o, let Ms 
For y & M and t G M, we have: 



-1 



(11.3) 



TT{yu{t)) = Ad(n(-t))7r(y) 



so long as yu(s) G Ms^ for all s G [0,i]. Notice that the latter is equivalent 
to Ad(n(-s))7r(7/) G 0,So for ah s G [0,t]. 

Choose X £ X which is generic for the flow u{-) w.r.t. /U. Recall that, 
as in Section [2] this means the measure along the trajectory {xu{t) : < 
t < T} approximates as T ^ oo. Let us observe that, for any such x 
and all points y G {xu{t) n A4o}) the polynomial t Ad(u(— t))7r(y) is 
nonconstant. Suppose this to be false; set Y = 7r(y). The genericity of 
y implies that supp(/u) C xoS.exp{Y). Since supp(/i) is an i/-orbit, this 



implies H C exp(— y)5'exp(y). This is impossible, in view of Lemma 3.4.1 
when ||y|| sufficiently small. Since ||y|| < 5q and 5q = R~*V~*, we may 
assume ||y|| is sufficiently small by changing the implicit constants. 

Let 5 < Sq. Let Zg = {t £ M>o : xu{t) G Ms} be the set of times where 
the orbit is (5-close to xqS. Notice that Zs is a union of intervals. There 
exists a constant K24 so that we may cover Zg by intervals Bj satisfying: 

^'^I'g^^^ < ci ((5(5^^)'^^ where we use the notation |/| to denote the length 

of an interval / C M. That follows from (11.3) and an argument using 
the growth properties of the polynomial t 1— > Ad(u(— t))7r(y). Here the 
intervals Bj can be chosen to be disjoint (since they correspond to different 
visits of the orbit of x to A/q). 

We are using this to bound for a given T the fraction of times t G [0, T] 
with xu{t) G Ms- Clearly, we may assume each Bj intersects [0, T]. Let J 
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Essentially, the argument here is that a polynomial which is 5-small on an interval 
stays (5o-small on a bigger interval. 



EFFECTIVE EQUIDISTRIBUTION FOR CLOSED ORBITS 



53 



be the interval which is the union of [0,T] with the Bj. Then, 

I J n Zs\ < \B, n Zs\ < C2{5S^'f^Yl l^^l « ('^'^o"')'^«^l- 

This being true for a sequence of intervals J of increasing length, we see 
that 

//(A4) < (Mo ^)'^ whenever 5 < 60 = R-*V~\ 



This is (11.2) (since for 5 > 5q the claim is trivial anyway). □ 



12. Some lemmas connected to lattice point counting. 

12.1. It is a general feature that, if Hi C H2 are nice groups, the spectrum 
of L?'{H2/ Hi) is related to the volume growth of Hi inside H2. In the case 
when Hi is a lattice inside H2, this may be used to derive asymptotics for 
the number of points of Hi inside a large ball. 

See fl6J, [19] for various instances of this technique in the context of Lie 
groups. A closely related idea, in a slightly different context, was introduced 
and utilized by G.M. in [H]. 

We shall need a slight variant, where we shall give upper bounds on the 
counting functions for cosets of a lattice. 

12.2. Proposition. Let H d S <Z G with S connected. Let A C S a discrete 
subgroup, B C S an open set, sq & B. 

Then: 

(1) 

(2) the cardinality of any 1-separated subset A C B f] (Asq) is bounded 
by 



where: 



s I— > <po{s) is the Harish- Chandra spherical function associated to S, 
and ifQ^ the modification for the case when S has multiple simple 



factors (see { 6.3); 
• p > depends only on the spectral gap for Lq{A\S) and C depends 

only on G, H. Here Lq denotes the orthogonal complement of locally 

constant functions. 
. B = {sGS : d{s, 1) < l}B{s £ S : d{s, 1) < 1}. 
Moreover, we interpret vol(A\5) := cxd if A is not of cofinite volume. 

Note that one deduces from this bounds for the size of any ^-separated 
subset of Aso H for 5 < 1. Indeed, if there exists a 5-separated subset 
of a given metric space of size A''! , there exists a 1-separated subset of size 
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> N1/N2, where N2 is the largest possible size of a 5-separated set within a 
1-ball. 

Proof. Let x be a non-negative smooth function supported in the neighbour- 
hood n = {s e S : d{s, 1) < 1/2}, satisfying / x = 1- Note that Q = Q^^. 
Set 

Bi = B.n, B2 = nBi = n.B.n, B3 = n.B2.n, 

and note that Bi, B2,B3 are all contained in B. 

Let vr : S — > A\S be the projection and vr* : Cc{S) Cc(A\5) be 
the natural projection map, i.e. 7r^:{f){Ag) = J2xeA fi''^9)- ^* 
puUback C(A\5) ^ C{S). Then, for /i G Cc(5),/2 G Cc(A\S), we have: 

(7r*(/l),/2)A\5 = (/l,7r*/2)5 

Let /(s) = /^^ x(ssr')dsi G Cc{S). Then supp(/) C 17^2 and / > 1^,, 
where Isi is the characteristic function of Bi. Indeed, for si G Bi we have 
= Ib2 x{sis~^) ds > J^^_^ x{sis~^) ds = 1. By these definitions and 
since < / < 1 always, we have that 

(vr*/,7r*x)A\s = (^*7r*/,x)5 

= E / /(As)x(s)c^s< |Ansupp(/).17| < lAnSal- 

Also note that 7r*7r*lBj(s) = J2xeA^Bi{^s) = |Asni?i| and so 
(12.3) {7r^f,7r*f)A\s = {f,TT*-^*f)s > (lBi,7r*7r*lBi)5 = 

/ |AsnSi|ds= / |AnSis"^|ds 
Jbi Jbi 

Next we need to understand the relationship between separated subsets of 
Asq n B and the expression |A n Bis~^\. Suppose that there exists a 1- 
separated subset A C Asq n B, for some sq £ B. Clearly for each 6 = Xsq G 
A, we have A5~^ C Aso^^""^ n B6^^ C A n B6^^. In particular, whenever 
s G 5^, we must have A^^"*^ C AnBis~^ and so jAnSis""'^! > |A|. Because 
the set A is 1-separated, the balls for 5 G A are disjoint. Each such 5^1 
with 5 £ A C B is contained in BO, C Bi. Therefore, the integral on the 
right hand side of (lT3^ is > | Ap. vol(17). 
We have shown that 

\AnBs\ > (7r,/,7r*x> and |Ap < vol{ny^\\TTj\\l2(^j^\s)- 

It remains to estimate ||'?r*/||j;^2(^\_5) and {TT*f,iT*x)- 

The integral of / equals vol(i?2)- Consequently, the projection of tt^:/ 
onto the locally constant functions has L^-norm x voi(A\5) " 

Similarly, if Pr denotes the orthogonal projection from L'^{A\S) to con- 
stant functions, we see that (Pr vr*/, Pr tt^kx) ^ ™oi(A\s) ' 
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To handle the projection of vr*/ onto the orthocomplement of the con- 



stants, we use standard bounds on matrix coefficients (see (6.7) - (6.9) and 



( 6.10P ). We write Pro for the projection onto the orthogonal complement of 



the locally constant functions. Then the bounds on the matrix coefficients 
show that there is /> > 0, depending only on the spectral gap, so that: 

|(s.Pro7r,x,Pro7r,x)| « fo'^isY (seG). 

Recall that / was defined as the integral of the right translate of x by s^^ 
with si G B2, which obviously give the same description of tTj,/ in terms 



of TT^x- Therefore, we have proved the claims (12.1) and (12.2) - at least 
with certain instances of B replaced by i?2- But it is easy to see that this is 
harmless because of the inclusion B2 G B. □ 

13. Effective closing Lemma. 

Let us recall the closing lemma for hyperbolic flows. Let M be a compact 
manifold; let /li : M ^ M be a one-parameter flow of smooth diffeomor- 
phisms with hyperbolicity transverse to the flow direction. Suppose that 
X G M is so that the distance between hxx and x, measured w.r.t. a fixed 
Riemannian metric on M, is sufficiently small. Then there exists y close to 
X and T' close to T so that h^'V = y, i.e. y has a periodic orbit under {ht}. 

We shall need a method for producing periodic S'-orbits, which is, in a 
certain sense, an analogue of this result. This is Proposition TsTT] ( "Proposi- 



tion C2 " from the outline) - it asserts that, if re G r\G and if we are given a 
"sufficiently large" collection of elements Sj G S" so that XSi 3TQ all mutually 
close to each other, then there exists x' near x so that x'S is closed. 

13.1. Proposition. Let H <Z S <Z G, with S connected. Let 5 < 1 < N . 
There exists some Tq = To{r,G,H,N) with the following property: 

Let T > Tq and let v = voli?5(r). Suppose that {si, . . . ,5^} C BsiT) 
is jQ-separated, that k > v^~^ , and that there exists x G Xcpct so that 

rp-N T~'^^ 

XSi ~ xsj. Then there is x' ~ x so that x'S is a closed orbit of volume 
< T^i. 

Recall that the |,| notation was defined in ^ In particular, the result 
is vacuous unless 5 is small enough. 

13.2. Preparations for the proof. In the course of proof, we shall use 
the phrase T sufficiently large to mean that T > To(T,G, H, N); we are free 
to assume that T is sufficiently large. This allows us to replace any term 
of the form cT^T by T^t . Similarly, we shall say N is sufficiently large if 
N ^ ^oiG, H). In view of the notation N^, we are free to assume that N is 
sufficiently large. 

Fix go € G so that Tgo = x. Here go may be chosen in a compact 
subset of G, depending only on r,G (see discussion subsequent to Lemma 



3.6.1 



T 



There is G P so that ^ijgoSi ~ goSj inside G. Thus, by (3.4) 
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goSjS^ ^ for sufficiently large T and A^. The assumption Si € 
=^ \\si\\ < T together with (3.3) implies that ||7ij|| < ciT^ and 



'jik', which implies that Jjkjij = lik if T and N are sufficiently 



lij ~ 
Bs{T) : 
T" 

Ijklij ^ 

large. 

To sum up, in the setting of Proposition 13. f we have produced a collection 
of elements 7ij S T so that: 

(13.1) ||7.,ll 

(13.2) Ijk-lij = lik- 



ji-N 

lijOoSi ~ 9oSj 



(13.3) 

Our proof proceeds as follows: First, we show we may slightly adjust go 
to a nearby gi so that, in fact, jij E giSg^^. Here S is the normalizer of S 
as defined in ^3.4 Next, we show that x' = Tgi has the property required: 
x'S* is a closed orbit of small volume. 



13.3. Proof of Proposition 13. 1| , We observe in advance that we will 
defer two results in the course of proof to the end of the section, to avoid 
interrupting the flow. 

Let ei, . . . , erf be a basis for s, the Lie algebra of S. Let V := (A^Ms'^g)^^^ 
and set = (ei A - • • Ae^)®^ e := F(giQM. Then G acts on the Q-vector 
space V, G acts on the M- vector space V^, and the stabilizer of the vector 
vs is precisely 5"; the orbit G.vs is a smooth submanifold of I^r, as follows 
from general facts about orbits for algebraic groups. 

There exists a G-equivariant projection map from an open neighbourhood 
of G.vs to G.vs- A precise statement and self-contained discussion of what 

Theorem 2.7] for much stronger and general 



See 



we need in { 13.5 
statements. 

For any finite subset F of the jijs, let 

(13.4) X{F) = {gGG:Fc gSg-'}. 

(We work with S instead of S only to make the following argument as explicit 
as possible.) There is an integer K25, depending only on G and H so that: 

(13.5) 



F C {jij}, \F\ < X{F) = X({7,,}). 



This is an example of an "effective" Noetherian argument. Start with F = 
and adjoin one "jij at a time to F. The resulting sets X{F) are the real 
points of a descending sequence of algebraic varieties, which must terminate; 



(13.5) gives an explicit estimate for how far one must go. We give a precise 
argument in { 13.t . Take such an F = {61, . . . , 5m}, where m < K25 



The Euclidean norm on g induces one on 

A 



and VtS^. Consider the map 



where A = 
A: in fact 



— 1). The element govs almost belongs to the kernel of 
<^ T^^Tj as follows from (13.3) and the fact < T. 
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Moreover, with respect to a fixed basis for the Q-vector space V, all the 
entries of A are rational numbers of numerator and denominator < T* . This 



follows from (13.1 ), and the fact that, since F is arithmetic, the denominators 



of matrix entries of A are bounded below. 



It follows that (see Lemma 13.4.1 at the end of the present section for an 
explication) there is a nearby vector in the kernel of A which belongs to the 
kernel, i.e. an element v'g £ such that 



(13.6) 



i^S 



^5' 



1 < i < m and \\v'g — goVs\\ <C T 



-Nt 



T 

We claim that there exists gi, satisfying gi ~ go for large enough T 
and A^, so that v'^ := givs also satisfies (13.6). This claim will imply that 



gi E X{F) 7^ (see (13.5)) and therefore that jij G giSg^^. 

We have noted that go may be chosen to belong to a compact subset of 
G depending only on H and T. Therefore, vs and so also gQ^v'g belongs 
to a fixed compact subset of depending only on T, G, H, and 5. The 
equivariant projection map 11 mentioned above restricted to this subset is 
Lipshitz, with a constant depending only on T, G, H, and S. Therefore 
- replacing v'^ by go'n{gQ^v'g) - we may assume that v'^ G G.vs without 
changing the fact that \\v'g — goVs\\ <C T~''^t. Next, the map g i— > g.vs is a 
submersive map from G to G.vs, in a neighbourhood of go. We may thereby 
find gi near go so that v'g = giVs. The claim after (13.6) follows, at least 
for T sufficiently large. 

Having modified go to a nearby gi, we now proceed to show that x' = Tgi 
has the properties required by the Proposition. Precisely, we shall show 
that: 

(13.7) A := g^^Tgi n 5 is a lattice within S of covolume <^ T^J ' 
This will establish the proposition. 



T"™T ~ _i 

By construction, gi ~ go and jij £ giSg^ . Set 7, 



7^jSi. Then 7-,-,s'j G S and s[ 



^1 

by (13.2) for all pairs 



ij. Also, 



j_ 
20' 



go liidosi (see ( |13.3[ )). 



•separated and belong to 



s'^ ~ Si for sufficiently large T, because s. 
Consequently, for T sufficiently large, the s'^ are 
Bsic.T).^ 

We are going to apply the upper bound (part 2) of Proposition 12.2 with A 
as in (13.7), B := Bs(c2T) and with {s^} as the separated subset ofSnAsp 



By the remark after Proposition 12.2 the proposition also yields bounds for 
the cardinality of any ^-separated subset, such as {s'j}; the upper bound 
is weaker by a constant that depends only on H, G. Notations as in that 
proposition, the ball "-B" is contained in Bs^c^T), for T sufficiently large. 



as we see by applying property (3) of ^3.5 



27 T"™T 

Indeed, the fact that ~ Si forces — SiUJi, where coi 



1. For T sufficiently 

large, this forces uji G S. Therefore, by property (3) of [3.5 and the fact Si G Bs{T), we 
conclude that s' € -Bs([c2]r). 
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In order to apply that Proposition, we apply Proposition 6.1 with x = Tgi 
to show that the action of S on the orthogonal complement of the locally 
constant functions in L^(A\S') has a spectral gap (depending only on G, H). 
Let p be as in the statement of Proposition 12. 2[ it depends only on this 
spectral gap, and, therefore, only on H, G. 



We note that, by results established in §6.4[ we have 
(13-8) 1 u ^nr^2 I (</^f (5i52"'))"d<7id52 « T-^'" « v'^s 

VOii^5(|C3j/ y Jbs^) 

for suitable > depending on S. 



Apply Proposition 12.2 (2). We conclude that: 



" ' ' Vvol(A\5) 

-1/9 -iSP 

In other terms, vol(A\ 5) ' +v "-^s > u °. In particular, if (5 < 
and T is sufficiently large, we see that vol(A\S) <C v"^^ . In particular, A 
must be a lattice in S: our conventions dictated that its covolume is oo if 
this is not the case. 



This concludes the proof of (13.7), and therefore the Proposition. □ 



We now establish some (simple) results that were used in the above proof. 

13.4. A vector almost in the kernel of a rational matrix, is near 
a vector in the kernel. In the following statement, || • || refers to the 
standard Euclidean norm on M" and M™. 

13.4.1. Lemma. Let A E M„xm(^) annxm integer matrix, all of whose 
entries are < E in absolute value. Suppose v G M™' with \\Av\\ < 6. Then 
there exists vq £ ker(74) with \\v — foil < 6{nm)^^'^E'^ . 

Proof. There exists an orthonormal basis vi, . . . , Vm for M™' with the prop- 
erty that Avi are orthogonal in M" and so that the lengths ai := \\Avi\\ are 
decreasing. The ai are the singular values and af are the eigenvalues of AA^ 



(see ^7.2). 



The matrix j4.^* is an nxn matrix, all of whose entries are integers < mE'^ 
in absolute value. The absolute value of any eigenvalue is thereby bounded 
by nmE"^. Moreover, the eigenvalues are algebraic integers; in particular, the 
product of all their algebraic conjugates is a nonzero integer. It follows from 
this that the absolute value of any nonzero eigenvalue of A.A^ is bounded 
belowhy {nmE'^)~'^. Therefore, each nonzero \ai\ > (nmS^)""/^. 

Now take v £ so that 11^41111 < 6. The projection v' of v onto the span of 
all Vi with Avi ^ therefore has length < 5{nm)^^'^E"'. Set vq = v — v'. □ 

13.5. Existence of an equivariant projection. Notations as in the proof. 
We shall show the existence of an equivariant projection from a fixed small 
neighbourhood of vs, onto G.vs- This suffices for the argument in the text, 
although one can do much better, see 
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The map g i— > g.vs induces a map on tangent spaces and in particular a 
map — > Vk. Since S is semisimple, we may choose an S'-invariant comple- 
ment W to the image of g. Let G be the quotient of pairs {g,w) by 
the equivalence (gs, s~^w) ~ {g, w); it is a vector bundle over G/S and so a 
manifold. Consider the map G xs W ^ Vr, given by {g,w) i-^ g-{vs + w). 
The differential of this map is an isomorphism at {g,w) = (1,0) and there- 
fore, by the implicit function theorem, it defines a diffeomorphism from a 
neighbourhood A/i G G X5 of (1, 0), to a neighbourhood M2 of vs- In this 
neighbourhood there exists a projection that is, at least locally, equivariant, 
which is given by 

(13.9) n : g{vs + w) £ M2 ^ gvs- 

This crude construction already suffices for our simple application. In- 
deed, it implies the following weak Lemma, which is easily seen to imply our 
application: 

13.5.1. Lemma. There exists a constant K26 > with the following property. 
Let V G J\f2 and 5 G L. If 5v = v, and \\v — vs\\ < ||(5||~l^^, then also 

5ii{v) = n(u). 

Proof. Choose {g^w) G Mi so that g{vs + w) = v. Observe that \\gvs — 

vs\\, \\gw\\ ^ 11^5 ~ ■^11- 

Then Ii{y) = gvs- Since [5v — v) = {5gvs — vs) + {vs — gvs) + {6gw — gw), 
we get 

(13.10) \\5gvs - vsW < \\gvs - vs\\ + \\6{gw) - {gw)\\ <C ||5|ri|v5 - ''^ll- 



From this, we see that (6g, w) G A/i ifjK^ejwas chosen big enough. (Indeed, 
{5g,w) = {5gs, s~^w) in G X5 W. The assumption \\v — vs\\ < and 



(13.10) ensure that {5gs, s ^w) is close to (1, 0) for a suitable choice of s.) 

However, {5g, w) and {g, w) both map to 6v = v under the diffeomorphism 
from Ml to M2. Therefore, 6gS = gS, i.e. 6n{v) = U{v). □ 

13.6. Effective noetherian arguments. Set as before X{F) = {g £ G : 
F C gSg^^^. We shall show that, given any set -Fi, there exists a subset 
F d Fi oi size bounded only in terms of G, S", so that X{Fi) = X{F). 
Indeed, notations as before, we have: 

X{{a}) = {g eG : agvs = gvs} = {g £ G : gvs € Fix(a)} 

where Fix(a) is the fixed locus of a acting on V. 

Given a vector space of dimension d, and a collection of linear subspaces, 
any intersection of these subspaces can in fact be expressed as the intersec- 
tion of at most d of them. In particular, there exists Fi C -F of size < dim V 
so that: 

Pi Fix(a) = Pi Fix(a). 
This implies that X{Fi) = X{F), as desired. □ 
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14. A COROLLARY OF THE CLOSING LeMMA. 

14.1. In the previous section, we presented a version of a closing lemma for 
actions of semisimple groups. In the present section, we shall apply it to the 
setting needed in this paper, proving the following ("Proposition C" from 
/X is as in Theorem 1.3 



14.2. Proposition. Given a connected intermediate subgroup H C S G, 
C C (0, 1), and ds > 1, there exists ^ and d' depending only on ds, C; G, H , 
and eo "^ds-C, 1> -^o that: 

Suppose for some e < eo that 

(1) /X is e-almost invariant under S, with respect to the Soholev norm 
Sdg, and that 

(2) ^{xS) = for all closed S -orbits of volume < e~^. 

Then there exists xi,X2 so that X2 = xiexp(r), r G r, ||r|| < e^, and xi,X2 
are both [\\r\\~^^,\\ri\\^^^-generic w.r.t. Sd' ■ 

We strongly suggest the reader glance at the description of this argument, 
provided in j]4.5[ prior to reading what follows. Also recall that ri stands 



for the non- fixed components of r in the splitting defined in (3.2). 



14.3. Beginning of the proof. In this proof, e sufficiently small will mean 
that e is bounded above by a constant ci{ds, C)- In view of the formulation 
of the Proposition, we are free to assume e is sufficiently small. 



Let P as in Proposition A (9.3) with d = ds- Let As be as in (6.12 1. 
Let N-^,6i be the functions defined in Proposition 13.1 Take so large 
where 



that At > 2AsKi2 



Kl2 



is as in Proposition CI (11.1). Choose S so 



small that 6i < As/2. Let q be chosen so small that: 

. 2qN\^<(3. 
• 2qAs < C- 



qds K22 



Finally, we put ^ 



&qAs 
5dim(G)- 



These choices of A, (5, q depend only on 



G,H,(,ds- We set T = e and v = vol{Bs(T)). Our constraints imply 
that, for e sufficiently small, we have 

(14.1) T^T > -JHH, T^i < V, i;"2dim(G) < ^25^ ^ ^ 



-/3 



V < e 



-C 



The reader should not pay too much attention to the mass of constants 
above: simply, A and S are fixed; e is very small, and is small. Set 



(14.2) 

El 



: there is x' ~ x such that x'S is closed of volume < f }. 



Under our assumption. Proposition CI (11.1) furnishes an upper bound for 
the /x-measure of Ei. In fact, 

(14.3) /i(Ei) < 1/2 for V e [Vo{r,G,H),e-<]. 
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Note that the condition on v will be satisfied if e is sufficiently small. 

Apply Proposition A (9.3 ) with d = ds, R = T. It produces points generic 
with respect to a new Sobolev norm S^'] generic is always understood in 
that sense, in what follows. More precisely, Proposition 9.3 asserts that 
the fraction of pairs (x G X, s G Bs{T)) so that x.s is not [Tq, e~^]-generic 
is ^o~^- choose Tq large enough so that this fraction of points is 
< jijnj. This choice of Tq depends only on P, G, H, ds- 

Next, we observe that: 

(14.4) The fraction of (x G X, s G Bs{T)) for which x.s ^ Xcpct is < 

if e is sufficiently small. Here "fraction" is measured w.r.t. /j, x vol^. Indeed, 
recalling that Xcpct = &{Ro), take a smooth function F so that: 

lx-6(i?o/2) > F > lx-e{Ro) 



Invoking Lemma 8.2.2 and the almost invariance, 

I J F{xs)dn{x) - J Fdfi\ « eT'^^^dsiF) whenever s G ^^(r). 



Thus 

voli?s(T) 



'^^!i?o^f^N - ®(^o/2)) « e^-'^'^^^dsiF)- 



> 



F may be fixed in a fashion depending only on P, G. Moreover, l — qd^^K22 
1/2. Therefore, if e sufficiently small, the observation (14.4) follows. 
Por each x G X, let 

f{x) = voi(-^^^(-j^-)-) vol({s G Bs{T) : xs G Xcpct,2;s is [Tq, e~^]-generic}) 

The function / takes values in [0, 1]. In view of our remarks above, /(I — 
f{x))dfi < j§ru- Thus, the set E2 = {x e X : f{x) < 1 - lO'^} satisfies 
/i(£^2) < jQ- Let Xgood = Xcpct — El — E2. 

The set Xgood is a //-nonempty set and has the following properties: 

(1) Xgood C Xcpct- 

(2) Por any x G Xg^odi the set 

(14.5) Bx = {s £ Bs{T) : xs is [Tq, e'^^J-generic and belongs to Xcpct} 

has measure larger than (1 — 10"^) vol i?5(T). 

(3) Por any x G Xgood, there does not exist x ~ x such that x S is 
closed of volume < v. 



Let X G Xgaod-,Bx as in (14.5). 

Lemma. There exists 61,62 G Bx so that xbi = x62exp(r) for some r G r, 
where v 2dim{G) ^ ^ T^ . Moreover, \\ri\\ ^ ||r||. 



62 



M. EINSIEDLER, G. MARGULIS, A. VENKATESH 



The Proposition follows from this, as we now explicate: 
By choice, v 2dim(G) < g2^_ Then ||r|| < e^, for e sufficiently small. Let us 
verify that 

Since Tq <C(ig 1, the inequality ||r||~fHi] > To holds if e is sufficiently small. 
The other inequality UriH"!^ < follows for sufficiently small e because 
||ri||-Ei]<c and gA@< P/2. 

14.4. Proof of the lemma. Let us recollect the situation. We are given 
X G Xcpct and a subset Bx C Bs{T) satisfying > 1 — 10~^, and we 

know that there does not exist x' ~ x such that x'S is closed of volume 
< t^. 

We are free to prove the Lemma for T sufficiently large: here and in the 
course of the proof, the phrase "for T sufficiently large" to mean "for T 
larger than a constant that may depend on 6, N, T, G, and i?." Indeed, we 
can guarantee T sufficiently large by taking e sufficiently small. 

Take sufficiently small symmetric neighbourhoods 0,' , and 0, of the iden- 
tity in S, resp. Jlr of G r such that: 

(14.6) n' cnc{sG S: d{s, e) < 1/4} C S. 

The precise notion of sufficiently small will be specified in the course of the 
argument; however, it will depend only on T,G,H and therefore constants 
that depend on $7', $7, Or will be absorbed into <^ notation. 
Set 

(14.7) B = {seBx: vol(sl7 n B^) > 0.99vol(O)} 
We shall verify that, for T sufficiently large, we have also 

(14.8) vol{B) > vol{Bs{T)){= v). 

If we set f{s) = then /^^ f{s) ds = (vol(J7))-i J^vol{B,snBx) ds, 

which exceeds 

vol{n)-^ [ {vol{Bs{T)snBs{T))-10-^vol{Bs{T)))ds. 
Jn 



By property (3) of j ]3.5[ there is a constant c < 1 so that Bs{cT) C Bs{T)sr] 
Bs{T) for any s S 5 with d{s, e) < 1/4. In particular, using ( |6.12 ), property 
(3b) of ^3.5[ and choosing $7 sufficiently small, we can arrange that 



(14.9) vol{{Bs{T)snBs{T)) > (1 - 10"^) vol55(r) 

for any s G fi, at least for T > 1. Thus, /^^ f{s) ds > (1 - 10^^) volB5(r); 
in particular, the set of s G Bs{T) for which /(s) > 0.99 has volume at least 
Ivol Bs{T). 
For y G X, let 

N{y) := vol({s GBixs^n B{y, T'^ /2) / 0}) 
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Loosely speaking, N(y) measures the number of "times" in B for which the 
corresponding point in xB comes within of y. We consider two separate 
cases: 

Case I : For every y e X, N{y) < v^^^/'^. 
Case II : There is y G X with N{y) > v^-^/"^. 

Let us show that Case II cannot occur by using that x is not close to a 
closed orbit of small volume. Suppose that Case II occurred; let y^ ^ X he 
so that N(yo) > v^~^^'^. Choose a maximal 1-separated subset {sj}i<j</ of 

{seB:xsnn B{yo, /2) / 0} 
Then / v^~^/'^ . In explicit terms, there are G $7 E /) so that 

XSiUi ~ XSjLOj £ I). 

In particular, the elements s'^ = Si.uJi are 1 /2-separatecp^ and belong 
to Bs{c2T). In view of our assumptions on 5,N, Proposition C2 (|13.1 ) - 

applicable so long as e is sufficiently small - would show there is x' ~ x so 
that x' S \s a closed orbit of volume < f ; but that contradicts our assumption 
on the point x. 

Therefore, we are in Case I. It will be convenient to pass to a local coor- 
dinate system. Clearly, there is x' £ Xcpct so that: 

vol{s £ B : xs £ x' exp{0,,:)0,'} > v. 

Indeed, we may cover Xcpct by finitely many neighborhoods of the form 
x' exp(Qr)^7'; and, by assumption, xB C Xcpct- 

For each s £ B so that xs belongs to our chosen neighbourhood, we may 
write: 

xs = x'. exp(rs).(Tcj, £ l^r, 0"s £ ^' ■ 

Let B be any metric ball of radius /A in the Euclidean space r, so 
that 5 n fir 7^ 0. We claim that the preimage of under the map s i— > r^, 
has measure < v'^^^^'^. Were this false, there exists a subset B' (Z B oi 
volume > f-*^"^/^, so that xB' C x' exp(i?)r2'. If is sufficiently small, 
x'exp(S) C B{x",T~^/2), for a suitable x" £ x'exp(B). 

In particular, N{x") > v^"*^/^, in contradiction to the assumption in Case 

I. 

Cover by T~^/4-balls so that each one overlaps with 0(1) others. The 
previous paragraph shows that ^ v^^"^ of these balls contain a point of the 
form Ts, for some s £ B. Thus there is si,S2 so that <^ ||rc,^ — rgjH <^ 

^-5/(2dim(r))_ rpj^^g^ 

(14.10) 

xsi = x'exp(rsJ(Ti, x's2 = xexp(rs2)cT2, T"^ <C ^sall <^ u~^/(2dim{r)) 

and cJi, (72 G il' C S. 



^^Indeed, d(si,s^) < 1/4 by the left-invariance of the metric, and d{si,Sj) > 1 by 
choice. 
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Using (14.10), we shall now perturb si and S2 along S slightly to find 
61, 62 £ Bx as in the first claim of the lemma. For i £ {1,2}, let Wi = {s £ 
J7 : SjS G Bx}. Then vol(Wj) > O.9vol(r2) by ( |14.7[ ) and the surrounding 
discussion. Our (intuitively obvious) conclusion follows from the following 

Sublemma. Suppose we are given ai G 17', r- G Q.^, and subsets Wj C O 



of measure vol(VFj) > 0.9 vol(r2) for i 
i = 1,2 so that 



1,2. Then there exists Wi G Wi for 



exp(r[)aiwi = exp(r2)cJ2u;2 exp(r), r G r, ||r| 



' 2lh 



This statement easily implies the Lemma: First of all, bi = SiWi G 

Bx- Therefore, Xi := xbi satisfy the constraints of the Lemma (i.e. X2 = 

s 

xiexp(r), where v 2dim(G) ^ ||j-|| ^ T~ .) 



14.5. Proof of the sublemma. Define functions (ps x (l^xis) : ^ ^ S x t 
according to: 

^^^■^^^ 

(exp(r2)fT2) exp{r[)ais = (j)s{s) exp{(j)^{s)), <j)s{s) G 5, (/)r(s) G r. 

Strictly speaking, the maps (ps, 4>t are functions of r'^, r2, cri, 1T2, and s; but 
we shall suppress the dependence on the first four variables, which will be 
fixed throughout the proof. 



If $7, 17^, and 17' are sufficiently small, the expression on the left of (14.11 ) 
is "sufficiently close" to the origin. This implies that, if we take the three 
sets $7, 17', Or sufficiently small, (ps and 0r will be defined and smooth. In 
that statement, the notion of "sufficiently small" depends only on G,H. 

We require that 17, 17', and 17^ are so small that: 

• (ps is injective, 

• The preimage 17" := ((>g^{il,) C 17 of 17 has volume vol(17") > 
0.9vol(17). 

• The Jacobian of (ps is everywhere on 17 between 0.9 and 1.1, i.e. the 

map (ps almost preserves volume. 

This is possible since the dependence of (ps on s and the parameters r[, rg, 
<Ti, a"2 is smooth and since (ps{s) = s if the latter parameters are trivial. 
Clearly these restrictions only depend on S. 

These conditions imply vol(05(VFi n 17")) > 0.5 vol (17). Therefore, W2 n 
(ps{Wi n 17") must be nonempty. Take wi G Wi with (ps{wi) = W2 £ W2. 
We may also assume that wi is, in a weak sense, a point of density for this 
set: </>5^(W2) n Wi intersects wiQ.' in a set of volume bounded below. 

Then: 

ex.Y>{r[)aiWi = exp(r2)cr2t(;2 exp((/<t(tt'i)). 



by (14.11) 
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We claim ||0t(wi)|| >c \\r[ — rgH- To see that, rearrange (14.11) as follows: 
exp(r2)"^exp(r'i) = 

It will therefore suffice to prove that, if we express exp(r2)~^ exp(r^) in the 
form sexp(X) {s £ S,X £ r), we have the majorization ||X|| ^ \\r[ — 
for sufficiently small J7r- This has already been seen: ( |10.1 ). 



It remains to check that || » ||0r(ii;i) ||. We will do this after 

possibly modifying wi, using the "point of density" assumption. For a £ S 
near to the identity, we have (j)x:{wia) = Ad{a~^)(j)x:{wi); replacing wi by a 
nearby wia S 4>g^{W2) H Wi, and applying a suitable variant of (10.5), we 
conclude. 

This concludes the proof of the Sublemma. □ 
15. An almost invariant measure on a closed orbit is close to 

THE invariant MEASURE. 
We shall prove ("Proposition F" from Q 

15.1. Proposition. Let xq £ X be so that xqS is a closed orbit of volume V , 
for some connected S D H. Suppose ^ is a probability measure on xqS that 
is e-invariant under S w.r.t. a Sobolev norm Sd- Let v be the S-invariant 
probability measure on xqS. 

Then there are \ki4\ and\Ki5\ so that 



[15.1] IM/) - i^if)\ «d mm^^Sdif) for f £ C^{X) 



In particular, there are constants |ki6|ki7| > such that if V < e-EieF"^ then 
fi and V are iHlI^'^-close: 

\Kf) - <-d for f £ C^iX). 

One cannot - at least naively - dispense with the occurrence of V in the 
statement. 

Proof. Let x £ C^{S) be a fixed probability measure supported in the ball 
{s£S : \\s\\ < 2}. 

Denote by Lq{i') the orthogonal complement of the constant functions. By 



the spectral gap, furnished by Proposition 6.7.1 we have for F £ Lq^i'xos)- 



\\F*x\\mu) < (l-<5)||i^||L2M 

where 6 > depends only on x and the spectral gap for S acting on L'^{vxos)- 
In view of the statement of Proposition [6". 7. 1 which guarantees such uniform 



spectral gaps, we may regard (after having fixed a choice of x foi' each 
subgroup 5) 5 as depending only on G, H. 

Let x^^"* = X and x''"^ = foi' ^ a positive integer. Here * denotes 

convolution on S. By the definition of "almost invariance" ( ^3.10 ), we have 
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\fi{F -kx) — fJ'{F)\ < eSd{F). In consequence, there exists -E;^ > 1 so that: 
(15.2) \f,{F*x^^^)-f,{F)\ « ei?f5,(F) 



Now, by (3.7), we see that that the fibers of a; i— > xs, considered as a map 
{se S : \\s\\ <2} ^ X, have size <C ht(x)'^™('^Eil thus 

\Fi<x{x)\ ^ht{xj^^^ J |F|tfvoK vol(xo5)ht(xP'ii"^('^)||F||i2(^). 
Applying this to F -kx^'^^^K obtain: 

(15.3) |F*x^"Ha^)l < vol(xo5)ht(a;)[il^"'^('5)(l - <5)"||F||loo. 

We combine ( [l5^ , ( [l53| ), and the fact \F x^'"'\x)\ < \\F\\loo < Sd{F). 
It results 

/i(F) < Sd{F) (^eEf + ^ min(l, vol(xo5)(l - 6rht{xj^^^^'^)dfi 



'xqS 

To estimate the bracketed quantity on the right-hand side, we split the 
integral into xqS ri&{Ri) and its complement, where Ri is a parameter that 



will be optimized. In view of Lemma 3.6.1 the bracketed quantity on the 
right-hand side is bounded by 

eEf + vol(xoS)(l - <5)"ii«i]dim5 



We now choose the free parameters Ri and n so that the three quantities 
eE^'^, vol(xo5)(l-(5)"i^^"^, and iZ^are of comparable size. The stated 
result follows. □ 



16. Proof of Theorem 11.31 

We shall say that is [S, e, dsj-almost invariant if /x is e-almost invariant 
under a connected intermediate subgroup 5 w.r.t. a Sobolev norm Sdg- 

The precise analog to the non-effective proof, or of §2.7[ would be to 
choose a "maximal" S under which ^ is almost invariant. However, we find 
it clearer in this effective setting to present instead the proof by iteration, 
i.e. building up, dimension by dimension, a larger and larger S under which 
fj, is almost invariant. 



16.1. Completion of the proof of Theorem 1.3 



Lemma. Suppose that n is [S,e,ds]-CLlm.ost invariant. There exists con- 
stants ^^ds) , \kis 



Kl9 



K20 



and d'gso that for any e sufficiently small (i.e. 

e <C 1 J either: 

\Kf) - fJ-xnsif)] ^ ci(d5)flHliI'^s)5d^(/), for some closed orbit xqS 
of volume < e~\!ll^'^^\ 

The measure /i is [5*^,, C2((jg)el"^^°l-°^^-*, d'g] almost invariant, where the 
connected subgroup 5* D has larger dimension than S. 
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Apply Proposition \14.2 with = | KiQ^ ds- If it fails to be applicable, we 



are in the first case of the Lemma, by Proposition 15.1 Indeed, we may 
take\K^ds) = | Kie^ ds andj^^d^) = | Kir^ ds- 

Otherwise, Proposition 14.2 produces d'^ > ds and both of which 



depend only on G,H,ds, and two points xi,X2 so that xi,X2 are both 
[||r||~Ei], ||ri||~Ei]-generic for fj, w.r.t 5^/ moreover ||r|| < e^. 



Now we apply Proposition 10.2 with /xi = /i2 = A*- It shows that /x is 



e™™^^''^l^''^^-almost invariant under an element Z £ x which satisfies 
\\Z\\ = 1. In view of Proposition Isll fi is <d„ J^min(i/2[^/2)_ almost 



invariant under a subgroup S^, D H of strictly larger dimension. 
The proof of the Lemma is complete. 



16.2. Proof by iteration. We now prove Theorem 1.3 by iterating the 
Lemma. Now, by definition, fi is [H, e, (i//]-almost invariant for arbitrary e 
and dn = | H5\ + 1. By the lemma, for small enough e either: 

(1) |/x(/)-/x..oh(/)| « &H)s^^(f), andxoi? has volume < e'Esl'^H)^ 

(2) /i is [Si, cie^^ , cZij-almost invariant for some Si D H of strictly larger 
dimension; here , di depend only on H, G and ci ^ 1 . 

Suppose the second case occurs. By the Lemma again, applied with cie^^ 
instead of e, one of the following occur for small enough e: 

(1) \^i{f) - ii^,sAf)\ « e^&'^SdAf), where x^Si is a closed ^i-orbit 
of volume <C e"^€i3"'i), or: 

(2) /i is [5*2, C2e^2, (i2]-almost invariant for some S2 D H of strictly larger 
dimension than ^i. Here ^2)C^2 depends only on H and G, whereas 
C2 < 1. 

Iterating this process - which we can do at most dim(G) — 1 times - we 
arrive at the following conclusion: 

where Sj D H has dimension > dim(H) + j, and xqSj is a closed orbit of 
volume <C e~'^jElE°'j). 

In the rest of the proof, we will abbreviate an expression like |^(/) — 
fJ-xosif)\ < ^<Sd{f) to the phrase "/i and fixgS are e-close w.r.t. 5^;" some- 
times we will suppress mention of the Sobolev norm. 



Let A be the supremum of all quantities (,jKis 'dj) that may arise through 
the above process. Let 5 be the infimum of all quantities ^^Kig dj) that 
may arise through the above process. Let d be the supremum of all dj that 
may arise through the above process. These three constants depend only 
on H and G, for there are a finite list of chains of intermediate subgroups 
H C Si C S2 C.Sj. 

Thus, we conclude that for e smaller than some constant eo <C 1, there 
is an intermediate subgroup Sj D H and a closed Sj-orbit xqSj of volume 



on 

In fact, in the case, jj, — fixoH', we write it in a way that will resemble the other steps 
of the iteration. 
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< cse , SO that fi is < C4e -close w.r.t. Sd to the 5j-invariant probabihty 
measure on xqSj. 



The conclusion of our theorem follows: choose e so that £3 = V. Then 
the above applies for y » 1, showing that /i is <C y~''/^-close w.r.t. to 
the S-invariant probability measure on the closed orbit xqS of volume < V, 
where S is some intermediate subgroup. 



By choosing appropriately Vq (from the statement of Theorem 1.3) in 
a way depending on G, H and T, we can remove the implicit constant 
by lowering the exponent: ^ is < y~'^/(^^)-close to the measure on xqS 
whenever V '>Vq. □ 

16.3. Proof of the topological Theorem 1.4[ 



Proof of Theorem \1.4\ Notations as in Theorem |1.3[ especially, let 6, d, and 
Vq be as in that Theorem. Let be a large integer; it will be chosen in 
course of the proof to depend only on G, H. 

Let "} equal the number of intermediate subgroups C C G; it is finite 



by Lemma 3.4.1 



Take V > Vf^'^^^ and consider the intervals 



Consider the set V of all volumes of closed S-orbits xqS, where H C S C 
G. The cardinality of V is < X 

. . . , (^v'/N-^, V'/'''^'],. . . , (yi/^, y], for 1 < d < n + 1. 
It is clear that one of these intervals will contain no element of V. Call 



it {X,X ]. We apply Theorem 1.3 with the parameter "y set to X 



It follows that there exists a closed 5-orbit xqS of volume < X, for some 
intermediate subgroup H C S C G, so that: 



fl6.ll 



/d/i- / /d/Xx.o5 



<x-^'Sdif), 



Now, let X G XqS. Let rj, fx be as in the proof of Lemma [T0]3]Tj roughly r/ 
is any number less than the injectivity radius at x, and fx is a bump function 
around x of radius rj. The Sobolev norms of fx are estimated in (10.7). 

Applying (16.1), we see that: 

\Kfx) - ^^.os{fx)\ « x-^'ht{x)''r^-''. 
On the other hand, it is clear that 

t^xosif.) » r]'^^'"^^) vol(xo5)-i » r/'i™(^)x-i. 
In particular, so long as: 

^dim(S)+d ^ X^-^'^htixf 

we will have n{fx) > 0; in particular, supp(^) must intersect the ry-ball 
around x. 

Specialize to the case when r\G is compact; the general case of Theorem 



1.4 follows in a precisely similar way. Taking sufficiently large, applying 
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Lemma 



10.3.1 



and noting that X > yi/^""^^^ we conclude that supp(/x) 

intersects any ball on xqS of radius > V^*. Here the notion of "ball" is 
taken with respect to the induced Riemannian metric on xqS. □ 
From the proof we can extract the following Corollary. In essence it is 
equivalent to the Theorem, but it is a formulation that seems at first a little 
stronger and is helpful in various contexts. 



16.3.1. Corollary. Notation as in Theorem 1.3, /et A > he real. There 
exists r G (0, 1) and Wq > 0, depending on G, H , T , and A, so that: 

For any closed H -orbit xqH and any W > Wq there exists V G [W^ , W], 
an intermediate subgroup S, and a closed orbit xqS of volume < V, so that 
fi is V^^-close to ^xqS w.r.t. S^. 



In other terms, we have "amplified" the exponent 6 of Theorem 1.3 to an 



arbitrarily large A. Of course, this carries a hidden cost. □ 

17. An arithmetic application: distribution of integral points 
on prehomogeneous hypersurfaces 

17.1. Introduction. 

17.1.1. Discriminant and height. Notation as in our main theorem, closed 
i/-orbits also have an arithmetic invariant, the "discriminant" which mea- 
sures their arithmetic complexity (cf. [H]). In arithmetic applications, what 
one can easily measure is the discriminant, rather than the volume, of a 
closed ff-orbit; thus we shall present a proposition relating the two. This 



result is Proposition 17.4 



We have already indicated some arithmetic apphcations of our results in 



i 1.8.2[ mainly to see how Proposition 17.4 arises naturally, we shall present 



another class of applications: to problems of Linnik type. 

17.1.2. Linnik problems. By a Linnik-problem, we have in mind the follow- 
ing: / is a homogeneous polynomial on a Q-vector space, and we wish to 
analyze the distribution of integral points on the level set {f~^{d)}. For 
a discussion of problems of this type, see also In the case when / is 

prehomogeneous, this problem is amenable to analysis by our methods (cf. 
|21]). We shall present a quantitative theorem in this direction, for certain 



classes of such /, in Proposition 17.6 



This class of applications builds on the work of others. In particular, 
the applicability of Ratner's theorem to these problems was observed by A. 
Eskin and H. Oh [22], related problems were studied by W. Gan and H.Oh. 
The idea of using invariant theory to handle focussing problems originates 
in work of A. Yukie ^6511^7]. 

17.2. Some comments on heights. Let be a Q-vector space equipped 
with a Euclidean norm and an integral lattice Wz C W. The height of a 
subspace W C W is, by definition, the norm ||ei A ••• A CrllA^vyj where 
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ei, . . . , Cr is a basis for W' n Wi, and the norm on A'''W is that derived from 
W. In exphcit terms: 

ht{W')^ = det{{ei,ej)). 

We shall use the following simple principles: 

(17.1) A subspace of low height has a basis of low height. 

In explicit terms, one may choose a basis for W' n Wz so that ||ei|| ^ 
ht(Ty). This assertion is simply lattice reduction theory, together with the 
observation that the lengths of elements of Wz are bounded below. 
(17.2) 

A system of linear equations of low height has a solution set of low height. 

In more explicit terms, given a mx n integral matrix A, all of whose entries 
are bounded above by a constant \\A\\, the kernel of A - considered as a 
subspace of Q*", where we endow with the Euclidean norm - has height 
bounded by <C 

17.3. The discriminant of a closed iJ-orbit. Notation as in our main 
theorem. Suppose that TgH is a closed iJ-orbit. We shall attach to it an 
arithmetic invariant, the discriminant. The corresponding procedure when 
-ff is a torus was introduced in lilSj . 



First of all, we observe that, with = T n gHg^^, 

(17.3) the Zariski closure of A^ has Lie algebra Ad{g)l). 

This follows from the Borel-Wang density theorem \37[ Chapter II, Corollary 
4.4], together with the fact that the algebraic group underlying H has no 
compact factors. Thus, Ad{g)i} is a Q-subspace of g. 

Let r = dim{H), and define V = (A'^g)®^, Vz = {A^'qz)^^- Choos- 
ing any Q-basis ei, 62, • . . , for the Lie algebra of Ad{g)\:}, we set VgH = 

^^det(B(e'^e'')) — ' '^^^^^ ^ Killing form'^'^ on q. Then VgH is independent 

of the choice of basis (cj) for Ad{g)[}. We define 

disc{TgH) = min{m G Z : VgH G m~^Vz}. 



17.4. Proposition. There exists K27 > so that, for any x £ T\G with xH 
closed: 

(1) There exists a representative g €z G for x so that the height of Ad(g)\:) 
is X disc{xH)^/'^ . 

(2) vol{xH) > discixH'pm 

(3) vollxH) < discixH)''. 



on 

The restriction of B to [) is nondegenerate. This statement may be verified at the 
level of complexifications. Choose a real form of [jc which is compact. The restriction of 
B to this subalgebra is negative definite, whence the assertion. 

By virtue of the fact that gz is F-stable, this definition is independent of the choice 

of g. 
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We will not prove the third assertion, because we do not need it, but in 
fact the proof is substantially easier than the second assertion. 



Proof. (Sketch). We have seen (Lemma 3.6.1) that there exists a fixed com- 
pact set K C G whose projection to r\G necessarily intersects xH. Take 
g ^ K to he any representative for x. 

For the first observation, we observe that both the restriction of the Killing 
form, and the chosen Euclidean structure on g, induce definite quadratic 
forms on {Ad{g)i}), for each g G G/H. Clearly, the ratio of these forms 
vary continuously. In particular, if g lies within a fixed compact subset of 
G/H, the height of Ad(g)f) is, up to constants, comparable to the square 
root of the discriminant, whence the first conclusion. 

There are multiple methods of proof for the second assertion. We indicate 
a proof using dynamical ideas. 



We first claim an effective version of (17.3). Namely, there exist constants 
ci, K28 so that: 

the Zariski closure £,' of the group generated by 
{A G Ag : ||A|| ^^vol{xHj^ has Lie algebra Ad(g)f). 

This can be established using results about lattice point counting, such as 



those from { 12 

This being established, let T '^~c^vol{xHj^. LetF:={AGA:||A||< 
T}. 

Let us fix a representation G on a Q-vector space W with the following 
property: if denotes the ff- fixed vectors in W]r, then the pointwise 
stabilizer of in G is precisely the Zariski-closure of H within G = 
G(M). It is possible to do this, by Chevalley's theorem and the fact that the 
Zariski-closure of H is connected and does not admit algebraic characters. 
In particular, 

(17.4) {v€q: v.W^ = 0} = f). 

Fix, once and for all, a Euclidean norm on and an integral lattice Wz- 
Consider the fixed subspace for F inside W. We claim that has 
"low height", i.e. bounded by a power of H^H and vol{xH), when considered 
as a subspace of W. Indeed, one may replace F by a subset F' C F, with 
cardinality bounded in terms of G alone, so that = , by similar 



arguments to ^13.6 The claim follows from (17.2). 



Our definitions are so that the subgroup generated by F is Zariski-dense 
in gHg~^; it follows that equals g.W^ . 
Therefore, the subalgebra of g defined by: 

{v eg: v.W^ 



(17.5) 



0} 



also has "low height" , in the same sense. This follows from ( 17.1 ) and ( 17.2 ). 



By our assumption, the subalgebra defined by (17.5) coincides with the Lie 
algebra of Ad{g)\]. 
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We have established that Ad(g)f) C Q has "low height" in terms of 
vol(xH); in view of the proof of the first assertion of the present Propo- 
sition, we are done. □ 

We observe that this Proposition gives immediately an alternate proof of 
Lemma I10.3.1[ 

17.5. Application to Linnik problems. We shall focus on the following 
setting: Let G be a semisimple algebraic Q-group which acts on a Q-vector 
space V, which preserves a polynomial invariant f '■ V ^ Q, and so that 
(algebraically) each level set of / is a single G-orbit. Let Vj^ <Z V he, a, 
lattice, and T a congruence subgroup of G := G(M) that preserves Vi- 

This is, roughly speaking, the setting for the (arithmetic) study of "pre- 
homogeneous vector spaces." We shall impose an additional condition: that 
the stabilizer of a generic point is semisimple and has finite centralizer in 
G. 

Here are two specific instances with these properties (more can be found 
by examining the tables of prehomogeneous vector spaces). 

Case A. Fix an integer r > 3. Let G = SL(r),r = SL(r, Z), take Vj, to 
consist of r X r integral symmetric matrices, and / = det. 

Here dim(y) = r(r + l)/2, deg(/) = r, and the stabilizer of a 
generic point is a form of the orthogonal group SO(r). 

Case B. Fix r e {7,8}0 Let G = SL(r),r = SL(r,Z), let Vz be the space of 
alternating trilinear forms on 17' , with integral values; and / is the 
discriminant (cf. ^17.7.4 ). 

Here, if r = 7, then dim(y) = 35,deg(/) = 7 and the stabilizer 
of a generic point is a form of G2. If r = 8, then dim(y) = 36 and 
deg(/) = 16, and the stabilizer of a generic point is a form of SL(3). 

In Case B, some questions in Diophantine geometry on analogous 
to the Oppenheim conjecture, were studied by ergodic methods by Yukie 
and collaborators ([68 , [67j) and, indeed, we use a technique to handle 
"focussing" analogous to that of IS7]. 

The following Proposition gives a quantitative solution to Linnik's dis- 
tribution problem in the Cases A and B above. A non-effective version in 
Case A was established by Eskin and Oh, [21j. We observe that, in both 
these cases, the degree is "too large" relative to the dimension for the Hardy- 
Littlewood method to be applicable. (For instance. Case A includes the case 
of a (special) cubic form in five variables.) 

17.6. Proposition. Let {V, f) be as in Case A or Case B, defined above. 
Let V^^ be the open subset of comprising points whose stabilizers in 

G(M) are noncompact. 

Suppose r2 C {x G V^'^ : f{x) = 1} is compact with smooth boundary. 



The space with r = 6 would stiU be prehomogeneous; however, the stabihzer of a 
generic point has an infinite centralizer. 
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Let d ^ oo vary through integers with bounded square par^] and so that 

f-\d) nVz^fH. 

Then: 

\{M G : f{M) = d, ^^j^ en}\= C,(vol(17) + On{d~')). 



Here limmf^^^ > 0. 



The proof will be only sketched. Presumably ^ 



Cd ^ dim(\/)-deg(/) 



logd deg(/) 

but we do not establish thisH We intend to elaborate on this and other 
applications in the 5- arithmetic sequel to this paper. 

The restriction that 0, C V^^ can presumably be removed by p-adic meth- 
ods, e.g. [20,. For "Case A" it is clear that / takes on all integer values, and 
so we can dispense with the restriction f~^{d) n 1^ be nonempty; it would 
be nice to establish the exact range of values taken by / in "Case B." 

17.7. Prehomogeneous vector spaces: generalities. Let us proceed in 



the general setting enunciated at the start of { 17.5 

The set of points inV — /~^(0) whose stabilizer is a prescribed subgroup 
of G is a finite set of lines, by virtue of the assumption that the generic 
stabilizer is semisimple and has finite centralizer. 

The level set /~^(1) is a union of a finite collection of G = G(M)-orbits. 
Fix representatives Xi for each orbit, and let Hi be the stabilizer of Xj. (We 
do not assume that Hi is connected; we will not go into details about the easy 
arguments required, in what follows, to get around connectedness issues.) 
We fix also a compact subset ^7 C /~^(1). 

For d > 0, each level set f~^{d) is - by scaling - identified with IJ. G/Hi. 
For y G f^^{d)nVz, let y be its projection to f^^{l); we may choose i{y),gy 
so that y = Qy-Xn^y). 

The orbit TgyHi is then closed, because the group QyHig'^ is the stabilizer 
of y and therefore corresponds to the real points of a Q-algebraic group. 

17.7.1. Lemma. There exists c > with the following property: for any y 
with y G and f{y) ^ 0, the discriminant of TgyHi is h.t{Q.y)^. 

Proof. Consider the fixed points for the Lie algebra Ad (^y) Lie 

This set of fixed points is a linear subspace; on the other hand, it intersects 
the Zariski-open set V — /~^(0) in a nonempty finite set of lines. Therefore, 
it must consist of a single line. We may therefore characterize Q.y as the 



fixed line for Ad{gy)J-iie{Hi) . (17.1) and (17.2) imply that the height of Q.y 



is bounded by a power of the height of Ad{gy)Lie{Hi) . 



I.e. the set of perfect squares which divide some d is bounded 



33 

It is related to the question of the precise relationship between discriminant and vol- 
ume of a periodic orbit. In principle, this can be reduced to the computation of Tamagawa 
number, but the local computations seem difficult in the most general setting. 
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Because y S we may suppose that gy belongs to a fixed compact subset 
within G. Our claim now follows from the first assertion of Proposition 
TTM □ 

17.7.2. Proof of Proposition \17.6\ in Case A. Let us restrict to Case A. 
Suppose that y € V£'' n f jd), with y eQ. 



It follows from Lemma 17.7.1 and the assumption on d (bounded square 
part) that: 

(17.6) vol{TgyHi) » d"", 

for some k > 0. 

Indeed, if we let ^ be the g.c.d. of the entries of y, i.e. the largest integer 
so that 4>^^y G V^, then divides det(y) = d. Because of the assumption 
that d had bounded square part, ^ is also bounded. But the height of Q.y 
is, up to bounded multiples, the norm of whence our conclusion. 

in 



In combination with our main theorem, this implies Proposition 17.6 



"Case A." See j21| for details of translating equidistribution of ff-orbits to 



statements in the style of Proposition 17.6 



The idea, in words, is that our main theorem shows, in an effective sense. 



the equidistribution of TgyHi C r\G. (We know, by (17.6), that this orbit 
has large volume). This, however, is equivalent to the uniform distribution 
(interpreted suitably) of Tgy on G/H, or, equivalent to the uniform distri- 
bution of the T-orbit Ty on f^^{d). The integral points on f~^(d) n Vz are 
the union of finitely many such orbits, whence our conclusion. 

17.7.3. Preparations for the proof in Case B. In order to establish Proposi- 



tion 17.6 in "Case B," we shall give a little more background on alternating 
trilinear forms. 

Let us recall that Vi is the space of trilinear alternating tensors on W . 
In explicit terms, an element t G y is an alternating, trilinear map: 

t-.U' X X TH' 7L. 



VI .1 A. Invariants and covariants. For 6 < r < 8, trilinear tensors have a 
discriminant: a polynomial function disc : V ^ Q, homogeneous of degree 
4 (resp. 7, 16) when r = 6 (resp. 7, 8). For definitions, we refer to |68| [67] : 
unfortunately, we do not know of any entirely simple definition. 
There exists a polynomial SL(d)-equivariant map: 

cov :V ^ Sym^Q"" 

of degree 3 (when r = 7) and of degree 10 (when r = 8). This is proven in 
[Ml 1.16] and ^ Definition 2.13]. 

The determinant of cov(t) is a scalar multiple of disc(t)^ (r = 7) and a 
scalar multiple of disc(t)^ (when r = 8). 

By "clearing denominators", we may suppose that disc maps into Z, 
and that cov maps into Sym^Z^. 
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17.7.5. Proof of Proposition 17.6 in Case B. These preliminaries being es- 
tablished, let us turn to the proof of Proposition 17.6 in the case at hand. 
We follow the general notations of §17.7 with G = SL^, V as above, 



/ = disc. In particular, we choose points Xi € f (1) as in {17.7 Let 5, 



be the stabilizer of cov(xj) inside G; it is a special orthogonal group, which 
contains Hi by the equivariance of cov. 

Take y £ VzCi f~^{d) so that the stabilizer of y is non-compact. Then 
^9ySi[y) is closed; for, by equivariance, Ad((7y)S'j(y) is the stabilizer of the 
integer vector cov(?/j) G Sym^Z*", and therefore the real points of a Q- 
subgroup. 

It follows from the Lemma of ^17.7 that the volumes of F^yi^j^y) and 
^9y^i{y) bounded below in terms of the respective heights of the lines 
Q.y and Q.cov(y). Now disc(y) = d and det(cov(y)) is a fixed multip le of 

or d^", according to whether r = 7 or 8. Reasoning as in Q7.7.2, and 
we conclude that the height of Q.y exceeds d^/'^^^'^f\ and that the height of 
Q.cov(y) exceeds d^/'' resp. d"^/^, according to whether r = 7 or r = 8. 

Finally, it is proven in |68| [67] that the Lie algebra of Si is the only such 
algebra intermediate between Hi and G. 

The claimed result of Prop. 17.6| follows from Theorem 1.3 Indeed, our 
discussion above has shown that both TgyH^^y^ and TgySi(^y~^ has "large" vol- 
ume; applying the Theorem shows that TgyHn^y-^ is approximately uniformly 



distributed in r\G. This translates into the statement of Proposition 17.6 
as carried out in [21] and recalled in approximate form in { 17.7.2 □ 



Appendix A. Proof of Lemma 13.4.11 

In this section, k will be a local field of characteristic zero, G a semisimple 
algebraic group over A:, g its Lie algebra, f) C g a semisimple subalgebra. 
We establish some preliminary results. 

A.l. Embeddings of semisimple Lie algebras. 

A. 1.1. Lemma. Lets he a semisimple Lie algebra over k. There exist finitely 
many embeddings of 5 into q, up to G{k)-conjugacy. 

Proof. It suffices to prove this statement over the algebraic closure k. Indeed, 
that being assumed, the affine variety X parameterizing embeddings of s 
into g is a finite union of homogeneous G-spaces. The finiteness of Galois 
cohomology over local fields assures that, given a homogeneous G- space Y, 
the set of G(fc)-orbits on Y(/c) is also finite. 

For the statement over k, choose an embedding of G into the general 
linear group GL(n). The representation theory of semisimple Lie algebras 
assures that the number of GL(n, A;)-orbits on homomorphisms s g[„ is 
finite. Our assertion then follows from [59, Theorem 7.1]. □ 



A. 2. Parabolic subgroups. 
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A. 2.1. Lemma. If S is a proper algebraic subgroup of G, so that S = 
Ng{Ru{S)) , then S is parabolic. 

See [3] or [63]. 

A. 2. 2. Lemma. Any algebraic subgroup of G, with a nontrivial unipotent 
radical, is contained in a parabolic subgroup of G. 

Proof. Let S be an algebraic subgroup with nontrivial unipotent radical. 
Define, inductively, S(°) = S and S^^+i) = Ng{Ru{S^^^)), for j > 0. Note 
that S^-') normalizes Ru{S^^'') so that S^-'') C S^^^^). Furthermore, i?„(S(^)) C 
Ru{S^^^). Since unipotent groups are connected in characteristic zero, the 
increasing chain Ru{S^^^) of algebraic subgroups must necessarily stabilize. 
Therefore, the same must hold for the chain S^-^-*. The previous lemma allows 
us to conclude the proof. □ 

A. 3. Intermediate subgroups. 

A. 3.1. Lemma. Suppose f) C g is semisimple and has trivial centralizer. 
Then any intermediate subalgebra is semisimple. 

Proof. Take () C s C g. Suppose s were not semisimple. Then S, the 
connected component of the normalizer of 5, must also fail to be semisimple. 

It suffices, therefore, to prove that any intermediate algebraic subgroup 
between H and G is semisimple. Here H is the connected algebraic group 
with Lie algebra f). 

We claim that S cannot have nontrivial unipotent radical. In view of 



Lemma A. 2. 2, were this false, then H would be contained in a proper para- 
bolic subgroup P of G. Consider the representation of H on the Lie algebra 
p; let n be the Lie algebra of the unipotent radical N of P. The quotient 
group P/N has nontrivial center; therefore, H fixes a subspace in its adjoint 
action on p/n. By semisimplicity of H, it also fixes a subspace in its action 
on p. Therefore, \) has a nontrivial centralizer, contradiction. 

To conclude note that in absence of a unipotent radical, the radical of the 
subgroup S is central. Since \) has trivial centralizer, H has finite centralizer. 
Therefore, we see that the radical of S must be trivial. □ 

A. 3. 2. Lemma. Suppose \] <Z q is semisimple and has trivial centralizer. 
Then there exist only finitely many intermediate subalgebras f) C 5 C 5. 

Proof. It suffices to prove this statement over the algebraic closure. 

There exist only finitely many isomorphism classes of semisimple Lie al- 
gebras s that can be embedded into g. For each such, there exist - by 
Lemma A. 1.1 - only finitely many G(A;)-conjugacy classes of embeddings. 
Choose representatives for the image of every such embedding, calling them 
Si, . . . ,5m- Let Sj C G be a connected semisimple algebraic group with Lie 
algebra 5j . 

Then, for each j, there exist but finitely many Sj(A;)-conjugacy classes of 
subalgebras of 5j, isomorphic to f). Call them 1 < i < Nj. 
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Take any intermediate subalgebra s D f). The pair (f) C s) is conjugate 
under G(k) to (fjjj C sj) for some j and i. 

Thus, there exist only finitely many possibilities for the conjugacy class 
of the pair (f) C s). However, the normalizer of f) in G, contains H as a 
finite index subgroup. The claimed result follows. □ 



Proof of Lemma 3.4-1 The results of this section imply all the claims, save 
that every intermediate subgroup S D H has no compact factors. However, 
f) would, by necessity, centralize the Lie algebra of any compact factor. This 
contradicts the assumption that f) has no center. □ 



Appendix B. Proof of Lemma [3.6. 1[ 



For the proof of Lemma 3.6.1 we will use the non-divergence results for 
actions of unipotent subgroups. 

In the paper [36], by G.M., it has been shown that a point of low height 
"returns to the set of low height infinitely often" under a one-parameter 
unipotent flow. 

Dani has refined this in [10] to show that the corresponding conclusion 
remains valid, even without the constraint that the original point have low 
height, unless there is a rational subspace that is invariant under the unipo- 
tent one-parameter subgroup considered (i.e. a rational constraint prohibits 
that). 



This is almost what we need to prove (1) of Lemma 3.6.1 What we 



will use and actually need for (2) of Lemma [3.6.1 is a quantification of this 



phenomenon. We use results from the paper [27 by Kleinbock and G.M. 

Proof. For ^ G G, we call a subspace V C g g-rational \i V r\ Ad~^gz 
is a lattice in V . We define the covolume of a (7-rational subspace to be 
the volume of V/{y n (Ad"^^^))- A //-invariant, (/-rational subspace V of 
low covolume prohibits a point of low height on TgH. (Let us note that 
Ad/i : V ^ V has determinant 1, because H is semisimple). 

We shall show that, no matter what g is, there are no g-rational subspaces 
of low covolume. This will be by induction on dim(y). The notion of "low 
covolume" will be specified as we go along. After this is done, we may 
establish statement (1) of the Lemma. 

The beginning of the induction is rather trivial; there are no //-invariant 
lines y C by our assumption that the centralizer of // on g is trivial. 

Suppose now we have already established that there are no //-invariant 
(/-rational subspaces of covolume less than c < 1 and dimension < k for 
some k < dim G. Suppose also that V is an //-invariant (7-rational subspace 
with covolume v and dimension k for some f > 0. As a first step towards 
our inductive step: 

Claim. If V is sufficiently small, there exists /i G // so Ad/^Ad^ n V 

has a basis consisting of vectors of length <^ . 
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To prove the claim we shall use the result of [27] mentioned. There are 
only finitely many sublattices Lj C Ad~^Qz H ^ of covolume less than c 
and dimension strictly less than k. Let U be the image of u{t), defined in 



(3.1); consider the set of h € H s.t. Ad{h)U preserves each Lj. This is an 
algebraic condition, i.e. the real points of a real algebraic subvariety of Gjr. 
Thus either: 

(1) There is h £ H such that hUh~^ does not leave any of these sub- 
spaces invariant; 

(2) There exists a sublattice Lj so that we have that hUh^^{Lj) = Lj 
for ah h£ H. 

The normal subgroup generated by U must coincide with H. Thus, in 
the second case, H preserves Lj, a contradiction. We are thereby in the first 
case; conjugating U, we may assume without loss of generality that U leaves 
invariant no (7-rational subspace C ^ of dimension < k and covolume 
< c. 

Put h{t) = Adu(^i-^\vg' € SL(V), a polynomial in t. The same holds 
for h{t) G SL(/\^F) for any i < k. Therefore, the square of ipwii) = 
covol{h{t){W n Adg^Qz) is also a polynomial for any subspace W C V of 
dimension £ < k which intersects Ad~^Qz in a lattice, 

There are only finitely many subspaces W C V 01 dimension £ < k 
with V'vkCO) < cv~^^^ . For such W , it is possible to choose some ty/ with 
'4'witw) ^ cv~^l^ . I.e. for some r > we know that if v is sufficiently small 
depending on c and k that the supremums norm of these functions satisfy 
1 1 V'vy II [-r,r] ^ 1 for ^ such subspaces W . 

By [27, Prop. 3.2] the polynomials V'vk ^ uniformly (C, a)-good for 
some C > and a > that depend only the degree of and so on 
dimG — the same holds for ^14/ (with slightly different constants). We 
do not need to define this notion since this is only used as the second and 
last assumption of [27t Thm. 5.2]. From this quantitative non-divergence 
theorem we conclude that 

\\t G [— r, r] : h{t){^Adg-\Q% n Y) contains an element of size < e}| ^ e"r, 

where the implicit constant depends on C and k. If we choose e small enough 
in comparison to the implicit constant we see that there exists some t such 
that /i(t)(Adg-i0z n does not contain an element of size smaller than 
e. Going back to g this shows that Y R (Ad„(()g-i0z) does not contain an 
element of size < ev^l^ <^ v^l^ . Therefore, Y H (Ad^j-^^^-igx) is generated 
by elements of size ^ v^l^ by Minkowski's theorem on successive minima 
for lattices and since v is the covolume. 

To conclude the induction we need to show that there cannot be any H- 
invariant g'-rational subspace Y which has small covolume v. By the above 



■^^Also note that agrees up to a bounded multiplicative factor with the function 
/"vi/ng-igz defined in [571 §5] which is defined by a different norm on /\'^""^R*. 
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claim we may assume that V D (Ad^ ^qz) is generated by elements {wi} of 
size <C v^^''. Recall that for any w,w' £ q we have < ||it;|| ||w'||. 

Suppose V is small enough such that V H (Ad~^gz) is generated by elements 
of size < ^. (This choice of v depends only on the implicit constants in the 
argument above). 

Therefore, have length < similarly for higher order commuta- 

tors. Also recall that satisfies [qz,5z] C gz and so all of these commu- 
tators belong to the lattice Ad~^Qz- Therefore, the Lie algebra I generated 
by V is nilpotent. 

Moreover, since V is assumed to be invariant under H, the same holds for 
the Lie algebra [. Since H is semisimple, we must have that the Lie algebra 
I) oi H and [ intersect trivially since otherwise we have found a nilpotent Lie 
ideal [Pl f) contained in [. This shows that there is an intermediate subgroup 
S C G with Lie algebra i) ( which fails to be semisimple in contradiction 
to Lemma |3.4.1[ 

The proof of (1) is now similar to part of the above induction. In fact 
we have established that there are no if-invariant ^-rational subspaces V of 
small covolume for any dimension k < dim G, and as above we may assume 
this is also true for ^/-invariant g'-rational subspaces. Therefore, the square 
of V'v(i) = covol(Ad„(j)(F n Adg^Qz)) (for any (^-rational subspace V) is 
either an unbounded polynomial or equal to a constant > p ^ 1. Therefore, 
for any large enough r > we will have HV'VF II [-r,r] ^ P for (7- rational 
subspaces, and so 

(B.l) \{t G [-r,r] : Tgu{t) ^ e{e-^)}\ « (-)"r, 

P 

again by |27| Thm. 5.2]. Here the implicit constant only depends on G. If 
we choose e = Rq^ small enough, then for some t we have Tgu{t) G &{Ro) 
as claimed. 

Turning to (2) assume fj, is if-invariant and -ff-ergodic, then by the Maut- 
ner phenomenon U acts also ergodically. Therefore, by the pointwise ergodic 
theorem we can find some x £ X for which the ergodic averages along u{t) 
for the characteristic functions of the sets S(n) converge to /i(6(n)) for all 



integers n > 1. Combined with (B.l) this gives 



fi{X \ 6(n)) = lim ^ [ Xx\e{n){xu{t)) dt « n"" 
as required. □ 



Appendix C. Proof of (6.1): uniform spectral gap implies IP 

COEFFICIENTS. 



This section is devoted to a discussion of how to extract (6.1 ) from state- 
ments in the literature; we thank Erez Lapid for his help with the details. 
We apologize to the reader for the piecemeal nature of this proof. 
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Essentially we make use of a simple "quantization" phenomenon: any 
point in the unitary dual of a semisimple Lie group, at which the behavior 
of irreducible representations "changes," is restricted to sets where certain 
parameters are restricted to be integral. In particular, away from the iden- 
tity representation, such "changes in behavior" can only occur at certain 
discrete points; in combination with the Howe-Moore theorem, this will es- 
tablish the result. 

See [8^, Theorem 2.4.2] for groups of real rank > 2 and ^ Theorem 2.5.2] 
for the real rank one groups with property T. We shall therefore discuss 
carefully the rank one groups that fail to have property T, namely, SO(n, 1) 
or SU(n, 1). 

We use Theorem 6 of [31], the Howe-Moore theorem, and asymptotics for 
matrix coefficients. More precisely: 

Non-tempered unitary representations may be expressed as Langlands 
quotients J{a,z), where cr is a (finite-dimensional) representation of the 
Levi of the M-parabolic subgroup, and z G M. We normalize matters so that 
a trivial, z = 1 corresponds to the trivial representation. 

Suppose we are given a - not necessary irreducible - unitary representa- 
tion y of G that possesses a spectral gap. The definition of "spectral gap" 
easily implies that there exists (5 > so that any irreducible constituent of V 
(i.e., any irreducible representation that occurs in the support of its unitary 
decomposition) is one of the following types: 

(1) Tempered; 

(2) J((T, z) where a is not the trivial representation; 

(3) J((T, z) where a is the trivial representation, and |z| < 1 — 5. 

By the asymptotic expansion of matrix coefficients (see |30| Theorem 
8.32]) we deduce the following: For any 5 > 0, there exists p so that any 
representation J{a, z) with 0<2:<1 — 5is ^-tempered. It remains, then, 
to show that there exists a uniform p so that: 

(C.l) Any unitary J{a,z), where a is nontrivial, is 1/p-tempered. 

Fix a nontrivial. Set zq to be the supremum of those z > for which 
J((T, z) is unitary. Proposition 45 and Theorem 6 of |31j . together, imply that 
zo = Zc, the "critical abscissa" of [3lJ defined prior to (9.1), and moreover 
J(c7, Zq) is itself unitary (i.e, unitarizable). We shall prove in a moment that 
Zo < 1- Assuming this, the definition of critical abscissa shows zq belongs 
to a discrete subset of [0,1), independent of a. The asymptotic expansion 



of matrix coefficients, again, shows (C.l). 



It remains to show that J{a,z) can only be unitary for z < 1. But that 
is, again, a consequence of the asymptotic expansion of matrix coefficients 
- j3m Theorem 8.32] - in combination with the Howe-Moore theorem that 
asserts that matrix coefficients decay at oo. (One needs to know in addition 
that the leading exponent survives in the Langlands quotient, which is [301 
Proposition 8.61]). 
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